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DEFLECTION OF STRUCTURES
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DEFLECTION OF STRUCTURES
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Methods of calculating deflections :

1 — The double Integration method.
(Maculay’s method)

2 — The conjugate beam method.

(The moment area method) Sl okl
3 — The elastic—load method. Laioly0 Al
4 — The method of wvirtual work.

5 — Graphical method for truss deflection.
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DOUBLE INTEGRATION METHOD
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. Deflection (Y )de Joaoo d,)-"J 50 LaleSh

R I Y
E = young’s modulus of elasticity.
I = moment of inertia of the beam cross section.

M = bending moment equation.

R = Radius of curvature
f = normal stress

y = ordinate of fibre at which ( f ) is determined.
. Stress JI lbeane s (@) ddaB) acy
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E
R
M=EI/R —-——if1 /R =K = curvature = y°
M

W= d?y / dx? & y = dy / dx

Curvature N) = d?y/dx?= — (M/EI
Y Y,

Slope (dy/dx)J) Ji X <oly LlS a3¥ Ll 5,53

ot N 2

slope (1) slope (2

M1 > M2

Slope (1) < Slope (2) 2\

by integrating this equation we can get the slope angle

SLOPE (y) = dy/dx =%[l(—M dx)+Cq]

by wntegrating this equation we can get the deflection

DEFLECTION = vy =% J (I(—M dx) +Cy) +sz

Where:

E = young’s modulus of elasticity.
I = moment of inertia of the beam cross section.
M = bending moment equation.

C1&Czcan be found from boundary(intial) conditions.
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SUPPORTS AND BOUNDARY CONDITIONS
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4 ) Intermediate hinge
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1 ) Concentrated moment
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6t

M(x) = 6(x) — 2(x) (x/2)
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d ) Uniform Load at the middle of beam
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e ) Uniform Load has a variable value

10t
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Stepl:

3
3
] 3
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M(x) = 15.67(x) — 10(x-2) — 3(x—4) (x—4) / 2

+ 1(x-8) (=x-8) / 2
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3 ) Nonuniform Load

CASE ( 1 )

5t\m

2t\m

AN
m - 3t\m

I{/// 3t\m al
2t\m letm g,
% . : h/x = 3/6

9t 12t
M(z) = 9(x) — 2(z) (x/2) — 15 (36x) (x) (x/3)

CASE ( 2 )
5t\m 2t\m
L St\m
- 6m = h
I '——x——r\‘&
e |
i " h/(6-x) = 3/6
|
——
12t 9t

M(x)=12(x) — 2(x) (x/2) - [%6 (6-x) (x)](x/2)
~ 2 (x) (3-h) (22/3)
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35% — ™ 1 2t\m

1t

12t 9t
M(z) =12(x) - 2(z) (x/2) - [V2 = 3 (x) ] (2x/3)
-2 (W) (%) (x/3)

CASE ( 3 )

3t\m

M ~

M(xz) = 3(x) - 12 () (%) (x/3) + (3) (x-3) (x-3)/2
+ 1o (x-3) (33 = ) (x-3)/3
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CASE ( 4 )

3t\m

eI

4.5t
——3Mm

4.5t h/x = 6/3

M(x) = 4.5(x) - V2 (x) (%6 x) (x/3)
+ 1 (x-3) (63 x) (x-3)/3
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CASE ( 4 )

3t\m
——3m Sm———
3t\m 3t\m
3t\m
7.5t
——3Mm 3Mm——
6t
7.5
——3m

M(x) = 7.6(x) — 3 (x) (x/2)
+ Vo (x-3) (%3 x) (x-3)/3
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4 ) Change in beam inertia

oolol (ele domiine Aplolil Wolew) 5 yuiite §5080) plad (1S 13
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v Qart D

For part 1

M (x) = 11.25(x) — 10(x—2)
EIYy>= 10 (x-2) — 11.25(x)
EIy~= 5 (x-2)°— (11.25/2) () + c,

Ely = (5/3) (x-2) — (11.25/6) (x)’+ C,x + C,
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For part 2

M (x) = -M (=)’ + Q(x) — 15(x—2)

2EIYS= M (x)°— Q(x) + 15(x—2)
Gulo dda® wie o dda® wie @, M) Laad 0lou¥d 15

otsadl oo ol e oY) @ Yoles l
2Y = 0= Q=1.25t G 21 - x
X M@a = 0 —» M=-25m.t Q l—zm——am

X
VY I713.75¢

2EIYS= —26 (x)’— 1.26(x) + 15(x—2)

EIYS=—12.5 ()’ - 0.625(x) + 7.5(x—2)

ETY> = —12.5 (x)'— 0.83125(x)°+ 8.75(x-2)%+ C,

EIY = - 6.25 (x)°— 0.1042(x)°+ 1.26(x-2)°+ C,x + C,
To get C1 , C2 , C3 ,and C4

For part 1
at X = 0 m —» Y=0 Part 1 Jdeflectiond] ddolews 43,0400

EIy=0= (5/3) (0-2) — (11.25/6) (0)°+ c,0 + C,
C,=0

For part 2
at X = 4 m :) Y=0 Part 2 Jdeflectiond) Uolew ¢35 0 4ed

EIYy=0=—6.25 (4)°- 0.1042(4)° + 1.26(4-2)°+ C,4 + C,
96.67 = 4Cs+ Co, = Eq.(1)

Y, Jrom part 1 =Y, from part 2

Y,from part 1 (@x=4)
= (6/3) (4-—2)3-— (11.25/6) (4)3+ c,4 + C,
=40+ C, — 106.667

Oty W5 BB C Lo A o 106667 D Pt
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Y, from part 2 (@x=0) —ve

= - 6.25 (0)2— 0.1042(0)3+ 1.25(0 2)3+ C30 + C,
= Cy,

Y, from part 1 =Y, from part 2

4C, — 106.667 = C,
4C, — C, = 106.667 —» Eq.(2)

Y:f'rom part 1 = Y:from part 2

Y, from part 1 (@x=4)

=5 (4-2)°— (11.25/2) (4)°+ ¢, = -70 + C,
Y:from part 2 (@x=0) —ve

= —12.5 (0)’— 0.3125(0)2+ 3.75/0—2)2+ Cs = C3
N AN

Y, Jrom part 1 =Y from part 2

—70 + C, = Cq4
C, — Cg= 70 = Eq.(3)

Solving equations 1,2,3

C;=60.42 Cs3=—-9.58 Cy=135

For part 1
EIy>= 5 (x=2)2— (11.25/2) (x)?+ 60.42

Ely = (5/3) (x-2) — (11.25/6) (x)’+ 60.42x
For part 2

EIY> = —6.25 (x)°- 0.3125(x)°+ 3.75(x-2)%- 9.58
EIYy = -2.083 (x)°— 0.1042(x)°+ 1.25(x—2)°- 9.58 x

+ 135 [ Tas Lle 1 yols
| omll () 559 ke ) ik
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ENTRPTES R E Y2

X 532 o258 BB el b o Gl X osme Jo ¥ 32l 8 25 ol s
ol

Ol (o 0 Ualls wic Slope angled! &lglue wie ULl 0de 46 ST

@ 08 5 LwsSew Holoadl (Y Al 5 Lo sSen 5,01 (655 Ll

- S LuSes Y deflection J)

Y:from part 1 =-— Y;from part 2

Y, from part 1 = Yefrom part 2

10t 15t

l I 21 i
?Zm 21 21 210

11.251 13.75t
10t 15t

Q
Vo e
LY oy x (%2
11.26¢ [ 2 —~m Q _Zmﬁx“zm %13.7&
I

'Y ‘Y

For part 1 :

Mxx)=11.25(x)-10(x-2)
Ely"=10(x-2)-11.25(x)
Ely'=5(x-2)*-(11.25/2)(x)*+Cl
Ely=(5/3)(x-2)*-(11.25/6)(x)+Clx+C2
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For part 2 :

M (x)=13.75(x)-15(x-2)

2Ely" =15 (x-2)-13.75(x)
2Ely'=(15/2)(x-2)-(13.75/2)(x)* +C3
2Ely=(15/6)(x-2)-(13.75/6)(x )+ C3 x + C4

TogetCl,C2,C3 ,AND C4

For part 1 :
AtXx=0m -------mmmmmmmm y=0
C2=0
AtX =AM -oommeemmeeee Ely =4C1 -106.67 & Ely,=-70 + Cl
For part 2 :
AtXx =0m -——--mmmemm- y=0
C4=0
AtX =4 M —mmommmmmmeoooes 2Ely =4C3 -126.66 & 2Ely,=-80 + C3
To get (C1&C3)

y, from part 1 = Y, from part 2

Ya from part 1 = -Ya from part 2
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For part 1 :

Bly'=5(x-2)-(11.25/2)(x )+ 60.375
Bly=(5/3)(x-2)-(1125/6)(x)*+60.375(x)

For part 2 :

2Ely'=(15/2)(x-2)-(13.75/2)(x)*+99.25

2EIy=(15/6)(x-2)-(13.75/6)(x )*+99.25 (x)
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5 ) Intermediate hinge
oo 858l prads Qg Intermediate Hinge lay 5508 3929 Uls (o6
Siflse Wl (e 5,080 > o Intermediate Hingell aie
.Elastic LineJ) puwy pos <3 and) ,

Elastic Linedl ddolew I 2 Lo lanlivin] oty (@l Uslen])

Ely = P1 (X) + P2 (X—L) + ———— + C1 (X) + C2 «» 4
O ¥ A ¢ Guidhine Gatdoles ULJI 0ds 46 Flastic Lined!
ole Tia JS oo i ydeflection JI olusd sasly olew LGS
g Jadl) 4ol wiedeflectiond] golus JolS3UI Culgd olon ¥y oo
solutio yut Jadll da®s wie slope angled) o) Hjlic ¥l o8 35
odn (o8 U 4 5,68 JS deflectiond) aolew SYasd <l 3

oM gIntermediate Hingell yicslope angled) cuwss ¥ J5laal)
slope angledl olus &,b Gechange inslope angledl cuusd
- Laaiy G40 olanly dax S 0
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: Llud) Joo Ol glas

Section Jl wass @iy -
. SectionJ 1i» aie MomentJl Uolew i3S -y
. —Ve &3 MomentJ) Jslew o b e ¥V iolee iSs -v
ele Jasas T dolew JolS -¢
Y oo Jasad YU olen JolSS -0
. ol e Jass Boundary Conditions J) gy e -1
bt ¥ X Lol Y ol VU Uolew o8 jasetl -
. Deflection (Y)J! _9T Slope angle (YNl e Joasd
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Fxample:

For the shown beam find the deflection at points (a&b&c)
and the slope angle at points (¢ & d ) . applying double
integration method . ( EI = 20000 m?”.t. )

6t 10t

l 4t\m
[TTT1T11]
AN

— 2m ——4m 3Mm————3m—
6t 10t
l 4t\m
HEHEEEN
c d b a
— 2m 4 3Mm————3m
17.4t <2.61
Section Jl wass a5 -
6t 10t
; 4t\m
[T] = X
c ‘@‘d b a I
!
— 2m —4m 3Mm————3m

| < -
Y [T 174t X -] 22.6t

.Sectiond!l 1ie ae Momentd! dolews c_\.S; -y

M(x) = 17.4(x-2) — 6(x) — 10(x-9) — 4(x—6) (x—6)/2
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. —Ve & Moment JI Jslew oy Gyb oo ¥ Uolee S -v
EIY™ = — M(x)
EIY>= —17.4 (x-2) + 6(x) + 10(x-9) +4(x—6)(x—6)/2
YPede Jasad V) olew JolSS -
EIYy = —(17.4/2) (z-2)°+ 3 (x)°+ 5(x-9)?
+ (2/3) (»—6)°+ C,
Y e Jasad VI Uoleww JolSS -0
EIy =- (17.4/6) (v-2)°+ (x)°+ (5/3) (x-9)°
+ (2/12) (x—6)*+ Ci(x) + C,

. ol gle Jass Boundary Conditions JI gy e =1
From intial conditions

at X = 2 m — Y=0 — deflection J| slew o5 Loy o953
at X = 12 m —» Y=0 —» deflection JI Uoles 5 Loy o 4e
EIYy =- (17.4/6) (x-2)°+ (x)%+ (5/3) (x-9)°

+ (2/12) (x—6)*+ Ci(x) + C,
AT X = 2

—ve

EIy=0=- (17.4/6) (2-2)°+ (2)°+ (5/3) (2//9)3
+ (2/12) (2/6)°+ C,(2) + C,

—ve
201+ Cz= -8 —» FEq.(1)
AT X = 12
EIy=0=— (17.4/6) (12-2)°+ (12)°+ (5/3) (12-9)°
+ (2/12) (12-6)'+ C,(12) + C,
12Ci+ Cz= 911 — Eq.(2)
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Solving equations 1,2,3

C,= 91.9 C.= —191.8

EIYS= —(17.4/2) (z-2)°+ 3 (x)*+ 5(x-9)?
+ (2/3) (x—6)°+ 91.9 =3 Slope angle JI Uales

ETYy =—- (17.4/6) (v-2)°+ (x)°+ (5/3) (z-9)°

+ (2/12) (x-6)*+ 91.9 (x) — 191.8 =>
deflection JI ddolew

abay ¥ XJ) ks VI ol VU dolew (6 L sedl -

61 . Deflection (Y)JI _91 Slo (;O(zngle(y\)Jl e Jass
4t\m
Y T = ¥

c d b a ]
Y I
ﬂ 2m F—4m 3m———=3m
|

T 17.4¢t X 1 R2.61

At _point (a) deflection J) Uolew b yosed deflection ) olusd
at Point a —» X = 9 m

EIy =— (17.4/6) (9-2)°+ (9)°+ (5/3) (9-9)°
+ (2/12) (9-6)*+ 91.9 (9) — 191.8 = 383.1
3838.1 383.1

Y, = = = 0.0191m = 1.91 cm

ET 20000
At point (b) deflection J) {olew b Loscs deflection ) olusd
at Point b — X = 6 m —ve
EIy =— (17.4/6) (6-2)°+ (6)°+ (5/3) (649)°

+ (2/12) (6-6)°+ 91.9 (6) — 191.8 = 383.1

Y, = 396 = 396 =0.0198m = 1.98 cm

El 20000
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At point (C) g iection It Ustes &3 ooses deflection J) olusd
at Point C =— X = 0 m —ve

—ve

EIY =— (17.4/6) (o/é)ﬁ (0)°+ (5/3) (049)°
+ (2/12) %6)4+ 91.9 (0) — 191.8 = 383.1
~191.8 Z191.8

Y, = = =-0.0096m = —0.96 cm
El 20000
Slope angle J| Usleww 5 jo49c3 Slope anglel! ol
at Point C :) X = 0 m —ve

EIYS = —(17.4/2) (B}Z}ﬁ 3 (0)°+ 5(9/9)2
+ (2/3) (0/6)°+ 91.9

—ve
o209 919 0046 rad.
EI 20000

At point (d)
Slope angle JI Uslew 5 4o9c3 Slope angleJ oluod
at Pont d — X = 2 m —ve

EIY~= —(17.4/2) (2-2)°+ 3 (2)%+ 5(%)2
+ (2/3) (246)°+ 91.9

—ve

Y, = 1715.9 _ _1715.9 _ 0058 rad.

ET 20000

i) gedeflection | pad laale ¢395 5 5,081 pw s Elastic LineJ) awy)
Ve ) 5 Jiwd IV 5o ool (b S +Ved) deflection | 5T jlic¥) 43

« yhuas Supportdl wie deflection ) Lleab 5 ole¥ (TY jsom SuSe 5%
0.96 em [~~~.d

<< b o —=
-— -
\- —’
- -—

C
Elastic Line 1.98 em >~ —————""~ 1.91 em
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Fxamople:

For the shown beam find the deflection at points (ad&bdc)
and the slope angle at points (¢ ) . applying double
integration method. ( EI = 20000 m?.t. )

2¢
4t
20\m i
a TTITIIII1 1
T W c
271 271 ! 31 |
2¢
4t
30m.t o\ T | l
[TTIITIII1n 1
Qi o b/ B
271178 271717 ! 3m: |
61t |
X |

"\
6(x) — 2(x—2) (z-2)/2 + 4(x—4)"— 30(x)’

+ 2 (x—4) (x—4) / 2
EIYy™ = — M(x)

M(x)

EIVS = — 6 (x) + 2(x—2) (x—2)/2 — 4(x—4) + 30(x)"
— 2 (x—4) (x-4) / 2

EIYVS = - 3 () + (2-2)°/ 8 — 4(x—4) + 30(x)
- (x-4)°/ 3 + ¢,

EIY =— (z) + (z=2)"/ 12 — 2(x=4)"+ 15(z)"

— (x=4)*/ 12 + C,x + Cp
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From intial conditions
at X = 0 m —» Y=0 — deflection J| Uslew o5 Loy o405
at X = 0 m —3 Y =0 —=— Slope angled) Yolew 43 Loy 045

AT X = 0
—-ve

Ely=0=— (0) + (0<%)*/ 12 - 200=0)°+ 15(0)°

-4/ 12+ Cc0+C = [c,- 0

—ve

AT X = 0
EIy=0=— 3 (0) + (0-2)°/ 3 — 4(0-4) + 30(0)
- (0-4)°/ 3+ ¢ = [c,=o0

EIY~ = - 3 () + (2-2)°/ 3 — 4(x—4) + 30(x)
- (x—4)3/ 3 —3 Slope angleJl Uslew
ElYy =— (x) + (2=2)"/ 12 — 2(x=4)°+ 15(x)”

— (x-4)%/ 12 = deflection JI Uslew
Tard e Jass ol LaSay patoleal) o of 3 X Lad oo parsetlls o
ibis f we Slope angleJ) ol deflection JI

At po'mt (a') deflection JI Uolew 45 Lose5 deflection ) ol
at Pomt a — X = 2 m

Ely =— (2)'+ (2=2)"/ 12 - 2,@2—/4) + 15(2)°
E-idd

'.'Ja=i - 22 0.0026m = 0.26 cm
El 20000
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At ment (b) deflection JI Uslew 3 yoges deflection J) wlusd
at Point b —p X = 4 m

17738 _ 17233 _ () 0088m = 0.88 cm

El 20000

Y,

At point (C) deflection Jl Uolew 3 Loees deflection ) lusd
at Pomt C —p X = 7 m

Yy, = 419 = 419 = 0.02095m = 2.095 cm
ET 20000

At point (C)

Slope angle JI Uslew 48 4o9e3 Slope angled! wlusd
at Point ¢ —3» X =7 m

Y, = _83.66 _ 83.66 _ 0.00418 rad.

El 20000

-— e
-_— e
~§§
-
-
-

NN
(=)
N
(=)
§|

|

|
Q |
o !
ml
N
(=)
]

Flastic Line
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Fxamople:

For the shown beam find the deflection at points (ad&c) and
the slope angle at points (¢ ) . applying double integration
( EI = 20000 mAt. )

1.33t 21

b I l 21 d l
AN c )@7 a

31y 31 1.5m——

1.33t 21

P
)

T 3m 3m T 1.5m—-

b I f l 21 d l

0.167t 2. 1671

OS5 o83dl e GV EM = 0y Y = 0 Gk REM J) Sluasd
cde ¥l el

2Y = 0 —» R = 0.167t
IM@C=0 —»p M=- 055mt
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1.33% 2t

b I l (l 21 ’é” éy

05 0.5

A 31 31 1.5
0.16
0.167¢
Y 3.167t
. , -
Y N ,67 1 167t 2t
| | l
b I ! 21 d | -
o . &
A 3m; : 0.5 7.51}‘0
i

X-

0.167t
’ Y‘ 3.167

Y

For part 1

M(x) = 0.167 (x)

EIYY = — M(x) EIy\ =- 0.167 (x)
EIY> = — (0.167/2) (x) + C,

EIY = — (0.167/6) (x) + C,(x) + C,

For part 2

M(x) = — 1.167 (x)+ 0.5 (x)'+ 3.167(x-3)

2EIYS = — M(x) =1.167 (x) — 0.5 () — 3.167(x—3)
EIYS = 0.574 () — 0.25 (x) — 1.584(x-3)
EIY™ =0.287 (z)°— 0.25 (x)' — 0.792(x-3)°+ Cs

EIy =0.096 ()’ - 0.125 (x)°— 0.264(x-3)°+ Csx
+ Cyq
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To get C1 , C2 , C3 ,and C4

For part 1

at X = 0 m —» Y=0 Part 1 Jdeflectiond) Uolew 43 04e5
EIYy=0 = — (0.167/6) (0)'+ C,(0) + C, = |C:= 0
For part 2

at X = 3 m —» Y=0 Part 2Jdeflectiond) ddolew 43 0400
EIy=0=0.096 (3)3— 0.125 (3)2— 0.26‘4(3—3)3+ Cs3 + (g
3C3 +C, =—1.497 —>» Eq.(1)

Yo.from part 1 =Y from part 2

Y.from part 1 (@x=3)

= — §- (0.167/6) (3)°+ C,(3) + C;
= E’I §— (0.167/6) (3)"+ €,(3) + 0 §
- E_’I §3c,-o0.752¢

Y, from part 2 (@x=0)

e

()
1 3 2 3
= = §0.096 (0)°- 0.125 (0)*~ 0.264(0<3)°+ C50+C,f

1
=37 JC4f

Y.from part 1 =Y,from part 2

E—’I {30,—0.752}: E11 {04,(

3C,- C, = 0.752 = Eq.(2)
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; Y.from part 1 = ;from part 2
Cfrom part 1 (@x=3)

1 2 1
=— f-(0.167/2) (3)°+ ¢,§ =57 {-0752+ ¢, {

Y;from part 2 (@x=0)
—ve
= E—G $0.287 (0)°- 0.25 (0)'- 0.792(0<3)°+ C, $

1
= 7T Scof
YC\ Jrom part 1 = ;from pafrt 2

1 §-0752 + ¢, § = {Cgf

C,-Cs = 0.752 = Eq.(3)

Solving equations 1,2,3

C,=0.25 Cs;=-0.50 C,= 0.0035

For part 1

EIy> = — (0.167/2) (x) + 0.25

EIY = — (0.167/6) (x) + 0.25 (x)

For part 2

EIYV> =0.287 (x)°'- 0.25 (x)' - 0.792(x-3)*- 0.50
EIY=10.096 (x)'— 0.125 (x)°- 0.264(x—3)°-0.52 +0.0035
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At POint (C) deflection JI Uoslew 8 yoges deflection ) wlusd
Uslew o poges N Part 182 Hu Joldll asdl ple ¢85 € Al (¥
. Part 1550 5 O83edl e ¥ deflectiond)

at Pomt ' — X = 8 m

3
EIy =— (0.167/6) (3)°+ 0.25 (3) = — 0.0035
—0.0035 —-0.0035
y, = 20030 _T0U0 _ 2oro 1 pio a3J) oY
¢ £l 20000 2 st 25501 G

Slope angle JI Uslew 48 o4c3 Slope angled! ol
Uslew b poses I Part 182 ju Joldll asdl ple 65 ¢ Al (¥
. Part 1550 5 O83edl e ¥ deflectiond)

EIY> = — (0.167/2) (3) + 0.25 = —0.502
Yy = -0.502 _ -0.502 _ —-0.000025 rad.
El 20000

At _point (a) deflection J| Uoslew 43 yoee5 deflection J| wlusd
Part 2 dolew g3 (oees | Part 248 ¢85 C ddals ¥
at Point a — X = 4.5 m

EIY=0.096 (4.5)°— 0.125 (4.5)° - 0.264(4.5-3)°
—0.5x4.5 +0.0035 = 7.58

y =310 _ 310 _ 4000155 m = 0.0155 em
FEl 20000
C,/’ ________  ~a d a
g s;\ //. é é\\\ .
Elastic Line h
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ENTRPFEN BEE A2

X s9me 0258 BB adl o6 5 aall X same Jo ¥l w32l b 0258 Of o
c o bl

Ol (o 0 Uals wie Slope angled! &lgluwe wie ULl ode 46 ST

@5 55 5 dwsSoe Holomal oY U3 4 dwsSee 5,0V 5585 ,Ludl o

- - - O WY LuSes ddeflection )
Yofrom part 1 =— Y.from part 2

Yofrom part 1 = Y.from part 2
1.33t 2t

b I i 21 d l
4 > C é b a
T 3m 3m T 1.5m—

3y

3m 1.5m
P
0.167t

y 3.167t Y¢

For part 1 :

M(x)=0.166 (x)
Ely"'=-M(Xx) Ely"= -0.166 (x)

Ely' =-(0.166/2)(x ) +Cl
EBly= -(0.166/6)(x)*+Cl(x)+C2
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From intial conditions:

Y@ c=(-0.75+3C1)/El mmmmmmmmmmmeeee (1)
V'@c=(-0.75+C1)/El memmmmmmmmmmmmmmemeee- (2)
For part 2 :

M(x)=3.166(x-15)-2(x)

2EIy"=-M(x)

2Ely"= -3.166 (x-1.5)+2(x)
2Bly'=-(3.166/2)(x-15) +(x)*+C3

2Ely= -(3.166/6)(x-15)y+(x)*/3+ C3(x)+C4

From intial conditions:

Atx=1.5m --------memmo- y=0
0=1125+15C3+C4 —--mmmmmo- C4=-(1125+15C3) ----- (3)
Atx=45m —--—-———-————- y=y@c &y =y @c

y@c=(16.125+4.5C3+C4)/2EI

Y'@c=(16.125+4.5C3-1.125- 1.5 C3 ) /2El

=(15+3C3)/2El ~--emmmmmeeev (4)
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yV@c=(6+C3)/2El -—-----mmmmmmmmmmmee (5)
y @ c (right) =y @ c (left)

y' @ c (right) = - y' @ ¢ (left) %wsSew j5laall o3

Cl1=0.25 C3=-5 C4 =6.375

For part 1 :

Ely'=-0.166 (x)*/2+0.25
Ely=-0.166 (x)*/6+0.25(x)
y@c=0

y'@c =(-0.5/El)=-0.000025 rad.
For part 2 :

2EIy' =(x)>-1.5833(x-1.5)-5

2Bl y=(x)*/3-0.527766 (x-1.5)-5x+6.375

Atpoint(a): X =0 ----mmmmmmmmmmeee y =3.1875/EI=0.00016 m
Atpoint(d):  x=1.5 ccoome y'=-1.375/El= 1.375/EI
L sSce 5 glonad| Y

C’,/ _______ \\\ d a

Elastic Line
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Fxample:

For the shown beam find the deflection at points (ad&c) and
the slope angle at points ( ¢ ) and the change in slope at
point ( h ) . applying double integration method .

( EI = 20000 m?2.t. )

b

4y 2
22m.t l l l
1 21 P4 I 8m.t
2 R a
4y 21
5.5 | 1951

22m.t . R 61 l l
X
|
( ;] 21 :ho - 8m.t

41y ] fm—»*Zm%
5.5t x—

'Y 12 5t

6t

61
< 121 | X X ol I 8m.t
j ||

O

y i - hl  a c
5.5t x— | " |

! iy
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For part 1

M (x) = 6.5 (x) — 22 (x)°

EIYS = — M(x)

2EIYS=— 5.5 (x) + 22 (x)°

EIY> =— 2.75 (x) + 11 (z)°

EIYS =— 1.375 (z)*+ 11 (x) + C,

EIy =- 0.4583 (z)’+ 5.5 (x)° + ¢,z + C,

From wntial conditions:

at X = 0 m = Y=0 = [C,= 0

at X = 0 m =Y =0=> [¢,= 0

EIYS =— 1.375 (z)*+ 11 (z)

EIY =- 0.4583 (z)°+ 5.5 (z)°

At point (h)

at Poimt h —3 X = 4 m

y, = 28:66 _ 5866 _ 0029 m = 0.29 em

7, 20000
Yooy = —om = —22_ _ 0.0011 rad.
7, 20000
For part 2

M(x) = 12.5(x—1) — 6(x) — 6(x-3) — 8 (x)’
EIY™ = — M(x)

EIYS =— 12.5(x—1) + 6(x) + 6(x-3) — 8 (x)°
EIY™ =—- 6.25(x—1)%+ 3(x)°+ 3(x-3)°- 8 (x) + C,4
EIYy =- 2.083(x—1)°+ (x)°+ (x-3)°- 4 (x)°+ C,x + C,
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From wntial conditions

at X = 0 m = Y=0—=— (3 +C,=-5 — Eq.(1)

Y, from part 1 =Y, from part 2
Y, from part 1 (@x=4)
1 3 2
= = §— 04583 (4)°+ 6.5 ()" + C,4 + Cs §

=E—’I {4c,+02+58.67}=E11 Jo+0 +5867§
=E—’I §58.67 ¢

Y, from part 2 (@x=5)
1
=—=f- 2.083(5-1)°+ (5)"+ (5-3)°- 4 (5)*+ C35 + C.f

1
= = J5Cs+ C,—99.66 ¢
Y,from part 1 =Y, from part 2
1 1
-7 §58.67 § = =7 §6Cs+ Cy—99.66

5C3+ C,= 158.33 = Eq.(2)

By solving the two equations

C;= 40.83 C,= —45.83
For part 2
EIYS =— 6.25(x—1)%+ 3(x)°+ 3(x-3)*- 8 (x) + 40.83
Ely =- 2.083(x—1)°+ (x)°+ (x-3)°- 4 (x)*+ 40.83 x

— 45.83
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At point (a)
at Pomt a —p X = 3 m

y, = 2099 _ 5099 _ 5095 m = 0.25 em
EI 20000

At point (C)
at Pomt C —p X = 0 m
_ —45.883 —45.88

Yo = = = 0.0023 m = 0.28 cm
EI 20000

gy =2083 _ 2983 _ 4002 rad.
EI 20000

Y, = - 0.002 rad. R sSen sl oY S

At point (h)
at Pomt h — X = 5 m
58.67 58.67

Y, = = =0.0029 m = 0.29 e¢m
FI 20000
Y igne = —dl = 29277 _ _0 0046 rad.
EI 20000
Ynrigne = 0.0046 rad. LS 5olodll 0¥ 680

Change in slope angle at (h)

= Ynright— Yniese = 0.0046 rad. — 0.0011 rad.
= 0.00385 rad.
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Flastic Line

[ vy o

Y, from part 1 = Y, from part 2 dubs oSe 3 Uledl ods o
WV L EIIRY| 9 d_,t.uﬁ.ox.é« h 4% ‘Jw 9 O Slope angleJ| Oy EIIK) k)

. Change in slope angle at (h) J!
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Fxamople:

For the shown beam find the deflection at points (ad&c) and

For the shown beam find the deflection at points (a&b) .
applying the method of double integration.

( EI = 20000 mA2.t. ) -

{ﬂ/‘/ﬂ/ o
a b

—-2m——72Mm———21m—

mmm

4t 8t
4t\m
| [4t\m -
|
Y = X h
|
<— — - — x—>'
al 21 )?m 2 : ey
Y 81 h/x = 4/6

M(x) = 4(x) — (4/6) (x) (z/2) (x/3)
= 4(x) - (1/9) (x)°
EIY™ = — M(x)
EIYS =— 4(x) + (1/9) (z)°
EIY> =— 2(x)°+ (1/36) (x)*+ C+
EIYy =- 0.67(x)’+ (1/180)°(x) + Cix + C:
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From wntial conditions:

0

at X = 0 m —» Y=0 —p» |C,

at X = 6 m —» Y=0 —p [C,= 16.8

EIY> =— 2(x)°+ (1/36) (z)*+ 16.8

Ely =- 0.67(x)°+ (1/180)°(x) + 16.8 x

At point (a)

at Point o — X =2 m

y = 2968 _ 2968 _ 00148 m = 0.148 om

—
—

El 20000
At point (b)
at Point b —3 X = 4 m
y, = 3022 _ 3028 _ 00151 m = 0.151 em
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Fxample:

For the shown beam and applying maculli’s method , find
the value of ( p ) so that the deflection at point

(a) equals zero.

3t
2t\m l
IHNEEENEEEEEEEEEEENEEEE
2 a
— Qm%f)’m—»
P
117—-9P

8§

8

3t

2t\m l
erlllll|||||||||||||||||

A — .

P
21—-P
3t
117-9P !
2t\m | %
/IHEEEEEEEEEEEEEEEEEEEN -
2 AL
s Im <—3m—'r>
— X P -1
21—P
Y

M(x) = (21-P) (x) — 2(x) (x/2) — (117-9P) + P (x-9)
+2 (x-9) (=-9) / 2

M(x) = (12-P) (x) - (x)z— (117—9P) (x)0+ P (x-9)
+ (z-9)°
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EIY™ = — M(x)

EIY> = —(21-P) (z) + (x)°+ (117-9P) (z)’— P(z-9)
- (z-9)*

EIY> = —(21-P) (x)¥/ 2 + (x)°/ 8 + (117-9P) (x)’
- (P/2) (x-9)°- (-9)°/ 3 + ¢,

EIy = —(21-P) () 6 + (2)*/ 12 + (117-9P) (z)7 2
_ (P/6) (z—=9) — (z=9)°/ 12 + C,(x) + C,

From intial conditions:

at X = 0 m =» Y =0=> |¢,= 0

EIY™ =—(21-P) (x)7/ 2 + (x) / 8 + (117-9P) (z)’
- (P/2) (x-9)°~ (z-9)°/ 3

EIy = —(21-P) ()% 6 + (x)*/ 12 + (117-9P) (x)7/ 2
~ (P/6) (-9) - (x-9)'/ 12

At point (a)

at Pomt a —pp X = 9 m —» Y = 0

deflection ) U QWG 5 4l )l 45,5000 gaey o Lals wae Supportd! (¥

- e sl

ElYy=0-= —(21—P) (9)3/ 6 + (9)4/ 12 + (117—9P) (9)2/ 2

~ (P/6) (9-9) - (9-9)°/ 12

P = 11256 t

Slndl Jo (o8 deflection I &Yolen plasinl LSy f olics 1ia 4
des Lasd daleis B ldo o Indeterminate Lid lia ¥ Indeterminate JI
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Fxample:

For the shown beam find the deflection at points (ad&b) .
applying the method of double integration.

4t\m

s a

41y 41y -2

|h/ 4t\m

X - 49—

o
o1re

M(x) = 2.4(x) — (4/6) (xv—4) [(x—4)/2] [(x—4)/3]

M(x) = 2.4(x) - (1/9) (xz-4)°
EIYy™S = — M(x)

—
—

6
h 4

EIYS = -2.4 (x) + (1/9) (z-4)°
EIYS =—-1.2 () + (1/36) (x-4)*+ cC,

EIY> =-0.4 (z) + (1/180) (x—4)°+ C,xz + C,
From wntial conditions:

at X = 0 m —» Y=0—p |C,= 0

at X = 10 m —3» Y=0 —3» |C,= 35.68

© Copyright Eng.Akram Moustafa2013. All copyrights reserved. Double Integrati()n Method
Downloading or printing of these notes is allowed for personal use only.
Commercial use of these notes is not allowed. (www.yasserelleathy.com) Page NQ‘ 57



EIY™ =—1.2 (z) + (1/36) (z—4)° + 35.68
EIY> =—0.4 (z) + (1/180) (x—4)°+ 35.68 x

At point (a)
at Pomt a —p X = 4 m

_117.12
ET

At point (b)
at Pomt b —p X = 8 m

86.32
E1

Y,

yb=

(117.12/EI) (86.32/EI)

Elastic Line
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Method of Zones

psB o Method of Zomes Iy gauss Jiluall Jod (5o 2pyb aa g #
P A ple Las,S3

6t 10t
yZo}zei Zone2 ! 4t\m | ; %
5 5 |
cXx L&d I bZone3:ZO’ne4 :A
) x5 | : ]
-y X ! !
X | |

Load 31 Support JS we <3 4 Zones JI Ul pocs #

Joleo u.& s Inertia J) 3 jae3 ,Tlntermediate hinge JT
. Zone JS Lles 46 moment U

ol @ wx> 3 5 Zone JS om ddaslyJ) ¥l Lo #
J-«.OU’J‘ C,lS ‘\3‘ l.a a."é dJ’ ‘J.Cr Y;ft': 7\'ight & Yleft= right
 Yiept = Yyight 5655 Intermediate hinge
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Fxample:

Using zones find the deflection at point ¢ & slope angle at
(a&bdb) , then find the maximum deflection using zones
method. 121

2.5t/m
a HEEEEEEEEEEEEEY)

AN 0
-~ 4m——=———6m—————

Zomnes J) Ul r““” Losd Al Wl ‘\JJ;}N 4%, odn
o9 Zonesd! o Jeold! sl 9 Zones I U W] oy =)

-Inertiadl .83 31 Intermediate hinge 31 Support 31 Force
12¢

i 2.5t/ m
a HEEEEEEEEEEEENEE
AN, Zonel ¢ Zonel2

—~—gdm—————6MM
.ReactionsJ) s -Y
12
2.5t/m
a HEEEEEEEEEEEEEE
A, Zonel ¢ Zonel2 ’@7
4dm————6m
11.71 15.3t
AW Y e 5 Gpa] X s o8 Y
12t

i 2.5t/m
HEEEEEEEEEEEEEE - X
AZonei c Zonel2

4dm————"""5M
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ol owle) e Zone 1 45 MomentJ) Uslew iSs - ¢
ca d® g0 Origin J)
M(1) = 11.7 x

o solwl ole Zone 2 43 Moment JI ddolews iSs -0
.0 da® ga Origin JI

M(2) = 11.70 — 12(x—4) — 2.5(x—4)" / 2
Deflection(Y) JI 4Slope angle(Y ") JI Zone JS 8 s -1
EIYy) =-11.7 x oole8d s (S 4kl 0da (45

EIYYy,)y =-11.7 x°/ 2 + C,

Ely(1)=—11.7 x3/ 6 + C,x + CZ
Ely\?z) =—11.7¢v + 12x — 48 + 1.25(x?— 8x + 16)

= 1.26x%— 9.7x — 28
1.25(x%/ 3) — 9.7 (x2/ 2) — 28 x + C;

I

ETY ) = 1.25(x}12) — 9.7(x3/ 6) — 14x%+ Cyx + Cy

= 0.104167x* — 1.61617x° — 142°+ Czx + C,
Boundary ConditionsJd) slou¥ -V

Loy Lolodl  Zome JI (g5 s JSo parseil) i

From intial conditions

at X = 0 m —» Y=0—3 |C,= 0| —» Zone 1
at X = 10m —» Y=0 —» Zone 2
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4
0 = 0.104167(10) — 1.6167(10) — 14(10)° + C,(10) + C;
—» Eq.(1)

at X = 4 m — Ycrest = Ycright
. Zone2 gsluws Zonel 3 C dda® xcdeflectiond) ¥

— 1.95(4)°+ C,(4) = 0.104167(4)" — 1.6167(4)° — 14(4)°
+ C3(4) + €, —»Eq(2)

at X = 4 m —>» y;Left = y:’Right
. Zone2 g9l Zonel 48 C dda®s xie Slope angle JI ;¥
2
— 5.85(4) +C, = 0.4167(4)3— 4.85(4)2— 28(4) + Cg
—» Fq.(3)

Solving the equations:

Cl=138.3 & C3 =207.633 & (C4=-101.33

C,=138.3 C:=207.633 c,=-101.38

For Zone (1 )

Ely\(,)=—11.7 x?/ 2 + 138.3

Ely(1)=—11.7 x3/ 6 + 138.3 x

For Zone ( 2 )

EIYY, =1.25(x%/ 3) — 9.7 (v%/ 2) — 28 x + 207.63
EIY ;) = 1.25(x/12) — 9.7(x%/ 6) — 14x*+ 207.63x

— 101.33

Loy Loltdl Zome JI 48 dla® di o eeid] A —A
Zonel O¥olew b yayseil) by From(X=0 to X=4)ddai |
Zone2 H¥olew b payseill ab From(X=0 to X=10)3ai I
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For Zome (1 )

At point (a)
at Point a —» X = 0 m

183.3

ETl
At point (C)

at Point C —» X = 4 m

Y =

y, = 428.4 Y = 44.7
ET ET

For Zone ( 2 )

At point (b)

at Pomt b —p X = 10 m
y;="0"27
ET

At point (C)
at Point C —p X = 4 m

y, = 428.4 Y = 44.7
El Er1

deflection JI Uolew Jolds maximun deflection JI e Jgasl o
. Zome JS (&5 yhall Layslus 4
Try Y (1) = 0
-5.85 x?+ 188.3 = 0 —» x = + 4.86 & —4.86
(Zone 1) gy &85 (x) 0¥ vosdm sl lsall
G uds) (o980 QL) ol sl
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Try Y (2) = 0

0.4167x%— 4.85x%— 28x + 207.63 = 0
(Sl Wiyl ) BYL ool LanaeSill Uslewll Jod
put 0.4167x°— 4.85x%*— 28x + 207.633 = R.H.S
o sl RHS I le Joans i (X) U gy 55
(X) I o Bde puys @3 LU puas ol o3l poses o oSeaddl e
(X) ) %asd ple Juass (8591 L) go Curved] gl 5 RH.SJ) 4

X 5 5.1 4.9 4.96 | 4.97
R.HS| —1.523| —6.04 3.01 0.28 -.58
R.H.S

Y max. @ x =4.963

Y max. =449.8 / El

X=4.963
0.5
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Fxamople:

For the shown beam find the deflection at points (ad&bdc)
and the slope angle at points (¢ ).applying double integration
method. ( EI = 20000 m?.t. )

2t
‘
26\m o™ i

4 [ITT11T1T11

'j a b‘/ c

-—2m———22m——=—3m—

4t.
30m.t o\ T l

G—=p——

M(zx) = 6(x) — 2(x-2) (x-2)/2 + 4(x—4)0— 30(x)0
+ 2 (x—4) (x—4) / 2
EIYS = — M(x)

EIVS = — 6 (x) + 2(x—2) (x—2)/2 — 4(x—4) + 30(x)"
— 2 (x—4) (x-4) / 2

EIYS = - 3 () + (©-2)°/ 8 — 4(x—4) + 30(x)
— (x-4)°/ 3 + ¢,

EIY =— (z) + (z=2)°/ 12 = 2(z=4)"+ 15(z)"

— (x=4)*/ 12 + C,x + Cp
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From wntial conditions

at X = 0 m —» Y=0 — deflection J| Uoslew 3 Loy o 4e5
at X = 0 m —3 Y =0 —=— Slope angled) Yolew 43 Loy 045
AT X = 0

—ve —ve

Ely=0=— (0)' + (0<%)°/ 12 — 200<4)°+ 15(0)°
-4/ 12+ Cc0+C => |c,=o0

—ve

AT X = 0
EIY~ 0=— 3 (0) + (0-2)°/ 3 — 4(0-4) + 30(0)
- (0-4)°/ 38 + ¢,

—3 Slope angle J| Uslews

4 2 2
. —» deflection JI Joleo
Lard e Jass o] LaSay patolead) o of 3 X Lad oo parsetlls o

» ddady ‘51 e Slope angle Jl 31 deflection J|

At po'mt (a') deflection JI Uolew 45 Lose5 deflection ) ol
at Pomt a — X = 2 m

Ely =— (2)°+ (2=2)"/ 12 — 202<2)°+ 15(2)°
- ,_42/4)"/ 12

52 52
ETl 20000
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At ment (b) deflection JI Uslew 3 yoges deflection J) wlusd
at Point b —p X = 4 m

17738 _ 17733 _ 5 0088m = 0.88 cm

El 20000

Y,

At point (C) deflection Jl Uolew 3 Loees deflection ) lusd
at Pomt C —p X = 6 m

y =336 _ _336 _ 01068m = 1.068 om
FoT, 20000

At point (C)

Slope angle JI Uslew 48 4o9e3 Slope angled! wlusd
at Point ¢ —3» X = 6 m

Y, = _82.67 _ 82.67 _ 0.00418 rad.

El 20000

-— e
-_— e
~§§
-
-
-

NN
(=)
N
(=)
§|

|

|
Q |
o !
ml
-\
(=)
3

Flastic Line
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Fxamople:

For the shown beam find the deflection at points (ad&bdc)
and the slope angle at points (c). applying method of zones

( EI = 20000 m?2.t. )

2t
4t.
20\m i
a [TI1I1I1I111n
e W c
27770 2170 ! 31y |
2t
4t.
30m.t o\ T l
T1I111rIn
Zone3 c

Zonel a Zonel w

T 21 21 |
61
i

21
30m.t 4t.m
2t\m l
; rrrrrn:'n\ -
o |b‘/ C
21 : 21 L |
6t X I
Iy

For Zone (1)

M(x)=6(x)- 30(x)
EIYS>=—M(x)

EIYS= 30(x)’ - 6(x)
EIY>=30(x) - 3(x)°+ C,

EIy =15(x)* - (x)’+ C,(x) + C,
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For Zone (2)

M(x)=6(x)-30(x) -2 (x-2) (x—2) /2
M(x)=6(x)- 30(x)" - (x-2)°

EIYS=-M(x)

EIYS=30(x) - 6(x) + (x - 2)°

EIY>=30(x) — 3(x) '+ (x-2)°/3+ Cs

Ely =15(x)" = (x)'+(x-2)" /12 + Cs(x) + C4
For Zone (3)

2t
4t.
30mt§ N l
TI1I1I111rn
I Z 3 »X
Q a : w one c
3y

I m Zm

y¢ )

&J) Distributed load JI Jeos of Jawdl o Zone 3 o olusdl aic
Uslel oda oY elld 5 Liladl JI aLSs of zlos ¥ 4 Concentrated load
ALSL Joo Distributed load J) 5% of acs (fLis Zone 3 b Jocs

M(x)=6(x)-30(x) -4 (x-3) +4(x-4)°
EIY>=—M(x)

EIYS=30(x) - 6(x) +4 (x-3) -4 (x-4)°
EIY> =30(x) - 3(x)'+2 (x-3)°— 4 (x-4) + Cs

Ely =15(x)° - (x) + 0.667(x-3)°— 2 (x—4)*
+ Cs(x) + Cq
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From intial conditions

#at X

0O m —» Y=0—"» |C;= 0| —>» Zone 1

#at X = 0 m = Y =0—> C,= 0|—» Zone 1

# at X =2 m :) YaZone1=Yazon92

ElYy, . =15(2)° - (2)°
52
yaZonei :T
ElYaz,,.,=15(2)° - (2) +(2-2)" /12 + C5(2) + C,

_ 82+2C3+(Cy
yaZoneZ - EI

Yaz0me1=Yazonez —» 2C3+C4 =0 — Eq.1

#at X = 2 m => Yo, .. =Yos...
EIY,, . =30(2) —3(2)°

~ 48

yaZo'nei = T

EI Yoz, =30(2) —3(2)°+(2-2)°/3+ Cq
~ _ 48+C;

yaZoneZ - EJ

YaZonei = YaZoneZ —>> Cs=0 —3 203+ C, =0

—>» C'4=0

# at X =4 m :) YbZoneZ=YbZO‘ne3

ElYy, ,=15(4)" - (1) +(4-2) /12

177.338
yb Zonel = T
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3
EIYb gopes = 15(4)° = (4)" + 0.667(4-3)°- 2 (4 —-4)7
+ Cs5(4) + Cq

176.67+ 4C5+ C
beone.? = EJ > °

YbZone2=YbZone3 —>» 4C5+ Cg = 0.667 —» E'q.2

# a't X = 4 m :> Y3Z0m2=Y;Zone3
EIVy, ,=30(4) —3(4)+(4-2)°/3

~ _ 74.667

beoneZ - T

EIyEZone&': 30(4) - 3(4)2+2 (4 —3)2— 4(4-4) +0Cs
~ 74 + C

beone3 = EI 2

N N
YbZone2=YbZone3 —>» 05 =0.667| —» 4C5+ Ce = 0.667

—>» Cg-':—z

For Zone (1)

EIY> =30(z) - 3(x)°
EIy =15(x)° - (z)°
For Zone (2)

EIY> =30(x) - 3(x)’+ (x-2)"/3
EIY =15(x)=(x) +(x-2) /12
For Zone (3)

2
EIY™>=30(x) — 3(x)"+2 (x—8)°— 4 (x—4) + 0.667
3
Ely =15(x)"-(x) + 0.667(x-3)°- 2 (x-4)?
%
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At _pO’L’nt (a’) deflection J| Uslew 5 Losc3 deflection J| wlusd
at Point a —3 X = 2 m —» Zone 1

y =22 __9% __ 00026m = 0.26 cm
7l 20000

Al pm/nt (b) deflection J| Uslew 5 o4c3 deflection J| ol
at Point b — X = 4 m =—> Zone 2

y, = 17733 _177.33 _ 4 0088m = 0.88 em

El 20000

At PO"/nt (C) deflection J| Uslewe 3 Lose5 deflection J| olusd
at Point C —/» X = 6 m

y =336 _ _336 _ 01068m = 1.068 cm
T, 20000

At point (C)

Slope angle JI Uslews 43 jo9e3 Slope angled! ol
at Point ¢ —3» X = 6 m

Y, = 82.67 _ 8267 _ 0.004138 rad.

El 20000

Elastic Line
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