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Introduction  

This book covers the following topics: real numbers and functions, inequalities and 

absolute values, the domain and the range of a function, operations and properties 

of functions, composite functions, even and odd functions, increasing and 

decreasing functions, the inverse functions, limits and continuity of functions, 

differentiation (derivatives of exponential, logarithmic, trigonometric, inverse 

trigonometric functions), integration, definite integrals and applications of the 

integration, multivariable functions, partial derivatives, extreme values for several 

variables. 

Chapter 1 introduces algebra and functions, chapter two introduces transcendental 

functions, chapter three introduces limits and continuity, chapter four introduces 

derivatives and derivatives applications, chapter five introduces inverse 

trigonometric and inverse hyperbolic functions, and in chapter 6 integrals and 

integrals applications is introduced. 
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CHAPTER 1 

 
 

 

 

 

I-  A L G E B R A   

       This section contains a review of topics from algebra that are prerequisites for calculus. We 

shall state important facts and work examples without supplying detailed reasons to justify our 

work. 

         All concept in calculus are based on properties of the set R of real numbers. There is one- 

to- one correspondence between R and points on coordinate line (or real number) L as illustrated 

in Figure 1.1, where 0 is origin. The number 0(zero) is neither positive nor negative  
 

                                        

Fig. (1.1) 

If  and  are real numbers, then  (  is greater than  if   is positive. An 

equivalent statement is (  is less than  ). Referring to the coordinate line in Figure 1.1, 

we see that  if and only if the point corresponding to  lies to the right of the point .  

Other types of inequality symbols include  which means  or , and  

which means  and   , for example    (5>3, -7<-2). 

 

I-1   P r o p e r t i e s   O f    I n e q u a l i t i e s  
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1)   If   and  then  

2)   If   then   

3)   If   then   

4)   If    and    is positive, then  

5)   If   and    is negative , then   
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Analogous properties are true if the inequality signs are reversed.   Thus, if  and 

 then if   then   and so on 

  

  The absolute value  of real number  is defined as follows: 

              

For example  

1)   if and only if  

I-2  P r o p e r t i e s   O f   T h e   A b s o l u t e   V a l u e  

 

 

 

 

 

Definition :   (1.1)  

An equation    (in x ) is a statement such as: 

4x3x2 −=     ,    0xxcosx4 =−+     

 

Definition :  (1.2) 

The solutions (or the roots  or  the values of  x   satisfy the equations ) is a number a that 

produces a true statement when a is substituted for . To solve an equation means to find all 

solutions. 

 

Example : 1 

        Solve each of   the following equations ( i.e. find the solutions ) 

a)         ,  b)     

Solution: 

        a) Factoring the left hand side yields 

                              

                   

            Then the solutions  are    .§§§ 

1)   if and only if  

2)   if and only if  

3)   if and only if  
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     b)   Using the quadratic formula  

                     with  

                   

  Hence the solutions are  :          and        .§§§ 

 
§§§§§§§§§§§§ 

Definition :   (1.3)  

         An inequality (in  is a statement that contains at least one of the symbols  

such as :          

The notions of  a solution of  an inequality and solving an inequality are similar to 

analogous concepts for equations. 

     In calculus, we often use intervals. In the definitions that follows, we employ the set notation 

, where the space after colon is used to specify restrictions on the variable . The 

notation  for example, denote the set of all real numbers greater than  and less 

than or equal to - the equivalent interval notation for this set is . In the following chart, we 

call  an open interval,  a closed interval,  half- open intervals 

defined in terms of (infinity) or (negative infinity) infinite intervals. 

 

I-3   I n t e r v a l s  
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Example : 2 

            Solve each inequality, and sketch the graph of its solution  

                      a)         ,       b)    

Solution: 

    a)    

                       ( multiply by 2) 

                           ( subtract 3 ) 

                               ( equivalent inequality ) 

  The solutions are   :     ;  the graph is sketched in  Figure 1.2  .§§§ 

 

  

                                                                  

Fig. (1.2) 

 

    b)  2 -10 3x x       given 

                      ( Subtract     ) 

                    

 

The solutions are real numbers in the union  The graph is sketched in 

Figure 1.3  .§§§ 

 

                                            2                              5 

Fig. (1.3) 

 

§§§§§§§§§§§§ 

 

Example : 3 

               Solve each inequality, and then sketch the graph of its solution:  

               a)                 ,           b)             
Solution: 

    a)                          

  The solutions are the real numbers in the open interval  as shown in Figure 1.4   .§§§ 

                                              -2                             8 

 

Fig. (1.4) 
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        b)         

                            

                          

                             

 

The solutions are the real numbers in the open interval  as shown in 

Figure1.5  .§§§ 

                                            2                              5 

Fig. (1.5) 

 

§§§§§§§§§§§§ 

 

A Rectangular Coordinate  System is an assignment of ordered pairs  to points in 

a plane, as illustrated in Figure1.6. The plane is called a coordinate plane, or - plane. Note 

that in this context  is an open interval. It should always be clear from our discussion 

whether  represent a point or an interval as in Figure1.6. 

 

 

        

 

Fig. (1.6) 
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I-4   D i s t a n c e   F o r m u l a 

    The distance between  and  is  : 

 

 

 

                                                    

Fig. (1.7) 

I-5   T h e   M i d p o i n t   F o r m u l a 

 

 

 

 

Fig. (1.8) 

Example : 4 

    Given  find: 

           a)  the distance between    ,       b)  the midpoint of segment  . 

Solution: 

 a)   

       b)    .§§§  

§§§§§§§§§§§§ 
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  An equation in  is an equality such as: 

             

    A solution is an ordered pair  that produces a true statement when   

The graph of the equation consists of all points  in a plane that correspond to the solutions. 

We shall assume that you have experience in sketching graphs of basic equations in   .  

Certain graphs have symmetries as indicated in (Figure1.9), which states tests that can be 

applied to an equation in    to determine a   symmetry. 

 

Fig. (1.9) 

Example : 5 

            Sketch the graph of 

                a)             ,         b)       ,        c)   . 

Solution: 

         a) By symmetry test the graph  is symmetric with respect to axis. Some points 

 on the graph are listed in the given table :
 
 

 
                                                                                           

         

 
0 1 2 3 4 

 
0 

 
2 

 
8 

 

Fig. (1.10) 
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Plotting, drawing a smooth curve through the points, and then using symmetry gives us the 

sketch in Figure (1.10) .§§§ 

       b) By symmetry test the graph is symmetric with respect to axis. Some points    

             on the graph are listed in the following table. 

                           

                                                                                                  Fig. (1.11) 

Plotting, drawing a smooth curve through the points, and then using symmetry gives us the 

sketch in Figure (1.11)  .§§§ 

 
    

    c) By symmetry test the graph  3xy =   is symmetric with respect to the origin. Some points  

           on the graph are listed in the following table. 

                                                                                                    

                                                                                                         Fig. (1.12) 

Plotting, drawing a smooth curve through the points, and then using symmetry gives us the 

sketch in Figure (1.12) 

    

  A circle with center  and radius  illustrated in figure 1.12 .   If  is any point on 

the circle, then the distance formula  . This leads to the following equation 

                                                                   
   

                                                                          Fig. (1.13) 

 
0 1 4 9 16 

 
0 1 2 3 4 

 

 
0 1 2 3 4 

 
0 1 8 27 64 
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  If , then the circle is called the unit circle. A unit circle U with center at the origin has the 

equation  .§§§ 

§§§§§§§§§§§§ 

Example : 6 

           Find the equation of the circle that has the center  straight  and passing through 

the point  

Solution: 

           Since the equation of circle is    then  : 

                      .§§§ 

§§§§§§§§§§§§ 

 

I-6   S t r a i g h t   L i n e  

        In calculs we often consider lines in a coordinate plane. The following formulas are used 

for finding there equations : 

 

 

 

i)                                                                             ii) 

 

 

                          

                                 Fig. (1.14)                                                                                     Fig. (1.15) 

 

 

 

Slope form
  

 Slope intercept form
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S o m e   S p e c i a l    L i n e s 

 

 

i.  Vertical   is   undefined    and    Horizontal  

                   

Fig. (1.16) 

 

 

ii. Parallel                       iii. Perpendicular  

 

 

 

 

Fig. (1.17) 
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Example : 7 

            Find the slope of lines passing through the following points   

                                                   

      

Solution: 

                   . 

                     ( i.e. the line is horizontal)  . 

                       (i.e. the line is vertical) . .§§§ 

§§§§§§§§§§§§ 
 

A linear equation: in     is an equation of form   

     and  not both zero  . 

 

Example : 8 

               Find a linear equation for line through    

Solution: 

              The slope of the line is  

We may use A or B for  in the point slope   

                             .§§§ 

§§§§§§§§§§§§ 
 

Example : 9 

a) Find the slope of the line  with equation :  . 

b) Find the equations for the lines through   that are parallel to  and 

perpendicular to   . 

Solution: 

a) Rewrite the equation as:  divided both sides by 5, we obtain   , and  
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      then the slope is  .§§§ 

     b)   If the line is parallel to   then    ,  

The equation of line passing through  is  

         

                 .§§§ 

 

If the lines are perpendicular to    then  

     

 The equation of line passing through  is  

 

       

       .§§§ 

§§§§§§§§§§§§ 
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E x e r c i s e   ( 1-1) 

1- Rewrite the expression without using the absolute value symbol 

1)          ,       2)        ,       3)  

4)             ,       5)   . 

2-  Solve the following equations: 

1)   , 2)     . 

 3)   , 4)   . 

5)  , 6)   . 

7)  . 

3-   Solve the following inequality : 

a)  , b)  . 

c)   , d)      .  

4-  Find the distance between A, B and the midpoint of AB 

a) A(4,-3), B(6,2)       ,          b)  A(-2,-5), B(4,6)  . 

5- Sketch the graph of  the equations : 

a)             ,          b)  . 

c)                ,         d)  . 

6- Find an equation of the circle that satisfies the given conditions: 

a) Center C (-4, 6); passing through p (1, 2)  . 

b) Tangent two both axes; center in the second quadrant; radius 5  . 

7- Find an equation of the line that satisfies the given conditions  : 

a) Through A (-1, 4); slope    , b) x-intercept 5, y-intercept -4 

c) Through A (7,-3); perpendicular to the line   . 

§§§§§§§§§§§§ 
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II-  F U N C T I O N S   A N D   G R A P H S 

 

Definition :   (1.4)  

A function  from a set D to a set E is correspondence that assigns to each element x of 

the set D exactly one element y of set E. 

              The element y of E is the value of f at x and is denoted by f(x), read f of x. The set D is 

the Domain of the function f, and the set E is the Co-Domain of  f. The range of f is the subset of 

co-domain E consisting of all possible function values  f(x)   for  x   in  D. 

 

 

 

 

Fig. (1.18) 

           

         We sometimes depict functions as shown in Figure (1.18) where the sets D and E are 

represented by points within regions in a plane. The curved arrows indicate that the elements 

f(x), f (a) and f (b) of E correspond to the elements x, a, b respectively of D. 

 

We usually define a function f by stating a formula or rule for finding f(x), such as 

 . The domain is then assumed to be the set of all real number such that  is 

real. Thus, for    the domain is infinite interval . If  is in the domain, we 

say  is defined at , or  is exist. If  is a subset of the domain, then  is defined on 

. The terminology  is undefined at  means that  is not in the domain of  
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Example : 10 

               Let    

           a) Find the domain of  ,    b) Find  

Solution: 

     a) Note that   is a real number if and only if the radicand  is non-negative and 

denominator  is not equal 0.   Thus, 
 

 exists if and only if  (iff)  

                           and    

Or, equivalent,    and     

Hence, the domain is   

    

    b)   ,                      

           ,                             

 

II     F u n c t i o n s   

 II-1  E v e n   And   O d d    

 

      **  is an even function if   for every  in the domain of  then  

 the graph of  is symmetric with respect to -axis  . 

**   is an odd function if   for every  in the domain of   

      then the graph of  is symmetric with respect to the origin. 

        

 

 The next illustration contains Sketches of graphs of some common functions and indicates the 

symmetry, the domain, and the range for each. 
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Function Graph Symmetry Domain D and rang R 

 

 

 

 

 

None 

 

  

 

 

 

 

 

 

 

y-axis 

even function 

 

  

 

 

 

 

 

 

 

Origin 

Odd function 

 

  

 

 

 

 

 

 

 

 

y-axis 

even function 

 

  

 

 

 

 

 

 

y-axis 

even function 
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Origin 

Odd function 

 

  

),0()0,(R −=  

 

The piecewise definite function are function described by more than expression, as next example 

 

Example : 11 

           Sketch the graph of the function  defined as follows: 

                        

Solution: 

               If , then  and the graph of  is part of  

                If     then  , and the graph of  is part of  

                If then and the graph is horizontal half line with end point (2, 1) 

 

 

 

Fig. (1.19) 

           

 

The greatest integer function  defined by  where  is the greatest 

integer less than or equal to . If we identify  with points on the coordinate line, then is 

the first integer to the left or equal to . 
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Example : 12 

                 Sketch the graph of the greatest integer function. 

Solution: 

     The  and  coordinates of some points on the graph may be listed as follows :  

                       

                                                                                     Fig. (1.20) 

II-2  F u n c t i o n s   T y p e s  

1-   Polynomial  function :    

              A function    is called a Polynomial function if it has the form  

          

where   are real numbers.   And ; 

  *  If    , then  has degree n. 

    *  If      ( called constant function )  as   , then  of degree 0 . 

     *  If      ( called linear function ), then   of degree 1 . 

      *  If      ( called quadratic function ), then   of degree 2 . 

2-A rational  function:   

            Is quotient of two polynomial function. 

3-An  algebraic  function:  

          Is a function that can be expressed in terms of sums, differences, products, quotients, or  

           rational powers of polynomials.,  for example    

4- The Transcendental Functions:  

            Are functions that are not algebraic. The trigonometric, exponential, and logarithmic  

               functions. In calculus, we often build complicated functions from simpler functions by  

                combining them in various ways, using arithmetic operations and composition.  

                      

Value of  

 

 

 -2 

 -1 

 0 
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II-3 F u n c t i o n s   O p e r a t i o n s  

If   are functions we defined 

**  The sum             . 

   **  The difference    . 

      **  The product        . 

         **The quotient             . 

         The domain of  is the intersection of domains of   that is the 

numbers that are common to both domains. The domain of   consists of all numbers  in the 

intersection such that  

 

Example : 13 

        Let  and  Find the sum, difference, product, and quotient 

of , and specify the domain of each. 

Solution: 

        The domain of  is  

         The domain of  is  . The intersection of their domains is  

          . 

           . 

           . 

                        and   . 

          

 We can also combine two functions to form a new function by the process of 

composition that is applying one function to the result obtained from the other. Starting with 

functions , we obtain composite functions )gf(   and )fg(   read  circle  and  

circle  respectively.  
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Definition :   (1.5)  
       The composite function is defined by ))x(g(f)x)(gf( =  , the domain of )gf(   is the 

set of all  in the domain of   such that  is in the domain of  

 

Example : 14 

      If    and    , find 

          a)  )x)(gf(   and the domain of   )x)(gf(   

          b)  )x)(fg(   and the domain of )x)(fg(   

Solution: 

a)  ))x(g(f)x)(gf( =  

                                     

                The domain of )x)(gf(   is R  . §§§ 

 

        b)  ))x(f(g)x)(fg( =  

                    

The domain of  )x)(fg(     is  R   . §§§ 
§§§§§§§§§§§§ 

 

Example : 15 

       If     and     , find 

a) )x)(gf(   and the domain of   )x)(gf(   . 

b) )x)(fg(   and the domain of )x)(fg(    . 

Solution: 

     a) ))x(g(f)x)(gf( =  

                                      

Since the domain of   is  and the domain of   is  then the domain of       

  )x)(gf(     is   . §§§ 

 

b) ))x(f(g)x)(fg( =  

                    

To find the domain of )x)(fg(   we have   

  Then the domain of )x)(fg(     is     . §§§ 
§§§§§§§§§§§§ 
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E x e r c i s e   ( 1-2) 

     1)   If    find     

 

 

2) Find the domain f. 

a)                            b)  

c)                        d)  

      3)  Determine whether f is even, odd, or neither even or odd. 

                     a)                ,         b)  . 

                     c)        ,         d)   . 

 

       

     4)  Sketch the graph of f 

                  a)  

                   b)  

                   c)        ,     d)    ,     e)  

           

5)  Find   and find its domain. 

                a) ,  

                b)  

 

6)  Find :     )x)(gf(   and its domain   ,  )x)(fg(   and its domain if : 

                a)  ,  

                b)   

 

§§§§§§§§§§§§ 
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CHAPTER 2 

 
 

 
 

 

I- T R I G N O M A T R I C   F U N C T I O N S   

             Trigonometry helps us understand angles, triangles, and circles through the use of six 

special trigonometric functions. In this section, we review some of basic ideas and formulas of 

trigonometry that are especially important for calculus. 

I-1 A n g l e s  

             An angle is determined by to rays, or line segments, having the same initial point O (the 

vertex of the angle). If A and B are points on the rays  in Figure 2.1, we refer to the 

angle   

                                                                             B 

                                                                 

                           

                                                   O                                 A 

Fig. (2.1) 

       

 In a rectangular coordinate system, the standard position of an angle has vertex at the 

origin and initial side along the positive x-axis (see Figure 2.2). A counterclockwise rotation of 

the initial side produce a Positive angle, where as a clockwise rotation gives negative angle. 

Lower Greek letters such as α, β and θ are often used to denote angles. 

 

 

 

Fig. (2.2) 

TRANSCENDENTAL FUNCTIONS 
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      The magnitude of angle is expressed in either degrees or radians. An angle of degree 

measure  corresponding to  of complete counterclockwise revolution. An angle of radian 

measure corresponding to  of complete counterclockwise revolution. In calculus, the 

radian is more important unit angular measure. To visualize radian measure, consider a circle of 

radius 1 with center at vertex of the angle. The radian measure of an angle is the length of the 

arc the circle that lies between the initial and terminal sides. As in Figure 2.3, θ is an angle of 1 

radian 

 

         

Fig. (2.3) 

       Since the circumference of the unit circle is 2π, it follows that 
3602 =   

        1 radian=  and  radian. 

 

Conversion between  Radians and Degrees 

1. To change radian to degrees multiply by  . 

2. 1. To change degree to radian multiply by  . 

          When radian measure of angle is used, no units are indicated. Thus, if an angle  has 

radian measures 5, we write , but if      has angle   we write  

 

Example : 1 

1) Express  radian in degree. 

2) Express  degree in radian. 
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Solution: 

       1) To convert radian to degree we multiply by  , then  

                      radian=   .§§§ 

       2) To convert degree to radian we multiply by , then    

                     .§§§ 

 
§§§§§§§§§§§§ 

 

 

I-2  T r i g o n o m e t r i c   F u n c t i o n s 

               The six trigonometric functions are the Sine, Cosine, Tangent, Cosecant, Secant and 

Cotangent. We denote them by Sin, Cos, Tan, Csc, Sec and Cot respectively. We may define the 

trigonometric functions in terms of either an angle  or a real number x. 

Trigonometric functions of any angle 

 

                     

 

Fig. (2.4) 
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Trigonometric functions of an acute angle 

 

Fig. (2.5) 

 

Trigonometric functions of real  number 

          The value of trigonometric functions at a real number x is its value at an angle of x 

radians.   From this definition, we see that there is no difference between trigonometric functions 

of angles measured in radians and trigonometric functions of real numbers. The sign of the value 

of a trigonometric function of an angle depends on the quadrant containing the terminal side of 

θ. As shown in Figure 2.6  

 

 

Fig. (2.6) 

 

 

Example : 2 

         Find the values of trigonometric function for  

Solution: 
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Evaluating Trigonometric functions 

          Some special value of trigonometric functions 
 

 
Radians 

 
Degree 

 

Sin
  

 

Cos  

 

Sin  

 

csc  

 

sec  

 

cot  

 

 

 

30 
 

 

 

 

 

 

 

2 
 

 

 

 

 

 

 

45 
 

 

 

 

 

1 
 

 

 

 

 

1 

 

 

 

60 
 

 

 

 

 

 

 

 

 

2 
 

 

 

 

Graphs of Trigonometric  functions 

                        

Fig. (2.7) 
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Trigonometric  functions  Identities  
 

i) Reciprocal and ratio identities 

 

 

 

 

ii) Pythagorean identities 

 

 

 

Example : 3 

      Express  in terms of trigonometric function of  without radicals by making the 

trigonometric substation      . 

Solution: 

                 =  =  .§§§ 
 

§§§§§§§§§§§§ 

 

iii) Low of Sines and cosines 

              If ABC is triangle labeled as shown, then the following relationships are true   

 

             

Fig. (2.8) 


=

sin
csc

1    , 


=
cos

sec
1    , 


=

tan
cot

1     ,   



=

cos

sin
tan  , 




=

sin

cos
cot   

122 =+ sincos    ,   =+ 221 sectan    ,   =+ 221 csccot     
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iv) Additional Trigonometric identities: 

      **  Formulas for negatives: 

 

 

 

 

**  Addition and subtraction formulas for sine and cosine: 

 

 

 

 

For any real numbers  

 

Double angle formulas for sine and cosine 

 

 

 

Example : 4 

          Verify the following addition formula for tangent function. 

                  

Solution: 

                 

                                   =          

if  then we can divide the numerator and the denominator by , we 

obtain  

                       

Then               =   .§§§ 

 
§§§§§§§§§§§§ 
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Trigonometric Equation 

      Trigonometric Equation is an equation that contains trigonometric expressions. Each 

fundamental identity is an example of trigonometric equation where every number or angle in 

the domain of the variable is a solution of the equation.  

 

Example : 5 

         Find the solutions of equation  if  

            a)  is in the interval      ,      b)  is any real number. 

Solution: 

      a)  If  , then . If we regard  as an angle in standard position, then, since 

 the terminal side is in either quadrant I or II, thus    and   . §§§ 

       b) Since the sine function has period  then  

        and          for every integer n.  2.   .§§§ 

 
§§§§§§§§§§§§ 
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E x e r c i s e   ( 2-1) 

 

I. Find  the exact radian measure of the angle: 

1)        ,   2)    ,   3)    ,  4)    . 

5)        ,   6)    ,   7)   ,  8)  . 

II. Find the exact degree measure of the angle: 

1)    ,    2)           ,   3)  ,  4)   . 

5)            ,    6)           ,   7)  ,  8)    . 

III. Solve the following equation 

1)        ,     2)          ,         3)     . 

IV. Express the following expression in terms of trigonometric  functions 

1)     ,               for   . 

2)          ,                  for   . 

 

V. Verify the identity  

1)      ,    2)  

3)  

 

VI. Find all solutions of equation. 

1)        ,     2)  

 

VII. Find all solutions of equations in . 

1)          ,   2)  

3)  

§§§§§§§§§§§§ 
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II-  E X P O N E N T I A L   A N D   L O G A R I T H M S 

        Exponential and Logarithms functions play a major role in calculus. We defer a complete 

rigorous definition of exponential and logarithmic functions until we have developed the 

necessary tools of calculus. We review some of their properties in this section. 

 

II-1  E x p on e n t i a l   F u n c t i o n s 

              

The exponential function with base  is defined by      , wand  is any real 

number. 

                

If  is negative integer, then  for some positive integer  and     and 

     

                If   is a rational number of the form  , where  and  are integers with  

then   

     In the graphs of   shown in Figure 2.9 

 

 

Fig. (2.9) 

 

Properties of exponential functions  

                 The exponential function   is one to one, that is, for any real 

numbers : 

 

 

 

 

1- If    then    

2- If   then  
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Laws of exponential function  

If      are any two real numbers, then  

 

 

 

An exponential equation is an equation involving exponential functions. We can often solve 

exponential equation by using the one-to-one property. 

 

Example : 6 

          Solve the exponential equation    . 

Solution: 

By using   (1.1) then                 §§§ 
 

§§§§§§§§§§§§ 

 

Example : 7 

          Solve the exponential equation    

Solution: 

         By using (1.2) then           

                                . §§§ 
§§§§§§§§§§§§ 

 

II-2  L o g a r i t h m i c   F u n c t i o n s  

          If   is a positive number (other than 1), then the exponential function with base  is one-

two one function whose range is the set of positive real numbers. Thus, given a positive number 

x, there will be unique number y such that   . 

          The number y is called the logarithm of x with base b. We denote this number as  . 

Definition :   (2.1)  

              If   is a positive number (other than 1), then the logarithm of x with base b is defined 

by       if and only if    for every x>0, and every real number y. 

         

We call first the logarithmic form and second the exponential form. Consider the following 

equivalent forms. 

The following table given a numerical example to clarify  the definition :  

1)      ,    2)   ,    3)   

. 
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logarithmic form exponential form 

  

  

  

  

 

Properties of logarithms and evaluating exponential forms 

 

Property of  form exponential 

form 

  

  

  

  

       

To obtain graphs of logarithmic functions, we first show that   and  are inverse 

of each other. The graph of either function is the reflection of the graph of the other cross the 

line y=x. shows typical graphs of these functions for b>1. 

 

Fig. (2.10) 
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Properties of Logarithmic functions  

            The logarithmic function f given by  is one-to-one, that is, for any two 

positive real numbers : 

 

 

 

 

 

 

Lows of logarithms 

            If  are any two positive real numbers, then 

 

 

 
 

for every real number c.  

    Logarithms with base 10 are called common logarithms.   And the symbol  in 

abbreviation for . A second widely used logarithm is the natural logarithm, denoted , 

which has the irrational number e for its base.   

 

Change of base formula logarithms 

            If x>0 and if a and b are positive real numbers other than 1,  then    

Example : 8 

                 Approximate  using common logarithms. 

Solution: 

Using change of base formula logarithms with a=10 we have                                       

 . §§§ 

§§§§§§§§§§§§ 
 

             A logarithmic equation: is an equation involving logarithmic functions. We can often 

solve logarithmic equations by using the one-to-one property of logarithmic functions. 

Example : 9 

                Solve the logarithmic equation  

Solution: 

                By using the one-to-one property, then      . §§§ 

§§§§§§§§§§§§ 

If                then    

If   then     

   ,     ,   
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E x e r c i s e   ( 2-2) 

1-Sketch the graph of f 

a)                  ,   b)    ,      c)    . 

 

2-Solve the following equations 

             a)       ,     b)  

             c)                  ,     d)   

3-Change to logarithmic form 

             a)                    ,       b)  , c).                               

4-Change to Exponential form 

a)                    ,            b)  

c)            ,            d)  

 

5-Solve the following equation 

a)           ,  b)  , c)  

§§§§§§§§§§§§ 
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CHAPTER 3 

 
 

 
 

 

I-  L I  M I T S 
 

I-1   L i  m i t s   O v e r v i e w s 

 

  The concept of a limit is a central idea that distinguishes calculus from algebra and 

trigonometry. It is a fundamental to finding the tangent to a curve or the velocity of an object. 

 

Generally in differentiation and integration we interested in the value of )x(f  for the 

function  f  when x  approaches a given number a . 

Some times the number a doesn't exist in the domain of the function f  that is )a(f  is 

undefined, for example:  

 

Consider the function  : 1x   ;    
1x

1x
)x(f

2


−

−
=       

We noted that the number 1 doesn't exist in the domain of the function science  

)0/0()1(f =  which is undefined value.  The following table is calculated by the calculator to 

show the value of the given function when x  approaches from 1 
 

 

)x(f  

 
x  

 

)x(f  

 
x  

1.2  

01.2  

001.2  

0001.2  

00001.2  

↓ 

1.1  

01.1  

001.1  

0001.1  

00001.1  

↓ 

9.1  

99.1  

999.1  

9999.1  

99999.1  

↓ 

9.0  

99.0  

999.0  

9999.0  

99999.0  

↓ 

2  +1  2  −1  

 

We noted that when x  approaches from the number 1 the value of the function  )x(f  

approaches from the value 2,  which denoted by 2
1x

1x
lim

2

1  x
=

−

−

→
. 

 

Generally if the function f   is defined on open interval contain the number a then there 

exist some questions: 

* When x  approaches from a , the value of )x(f  approaches from a real number L . 

L I M I T S    A N D   C O N T I N U I T Y 
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**  If it is  possible for the value of   the function )x(f to approach as we want to L  by  

      choosing a value for x  approaching from a .If the answer for these questions is yes,  

       then we can denoted it by: L)x(flim
ax

=
→

. 

Which means that the point ))x(f,x( on the curve of  f  approaches from the point )L,a(  when 

x  approaches from the number a  and the following table shows this meaning: the expression  
 

 

Graphically The meaning The Expression  

 
 

 

we can make )x(f  

approaches from L and 

chose x  approaches from 

a , ax    

 

L)x(flim
ax

=
→

 

 
 

 

 
There exist three cases for )a(f : 

i) L)a(f =         ,  (ii) L)a(f     ,    (iii)  )a(f  doesn't exist . 

 
for example |(e.g.)  

 (i) 2x)x(f +=           ,  (ii)
1x

2xx
)x(g

2

−

−+
=                               

(iii) 








=


−

−+

=

1    ;                 2

1    ;   
1

1

)(

2

x

x
x

xx

xh     

 

 

We noted that 3)x(flim
1x

=
→

    ,    3)x(glim
1x

=
→

         and 3)x(hlim
1x

=
→

  

In example (i)  L3)1(f == , and in example   (ii) )1(g  doesn't exist whoever the limit is exist, 

and in example  (iii) 2)1(h =  which not equal to the limit 3L = . 
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For the function 
1x

1x
)x(f

2

−

−
=     it can be simplified as to be     

)1x(

)1x)(1x(

1x

1x
)x(f

2

−

+−
=

−

−
=  : 

. 2)x(flim
1x

=
→

nd a )1x()x(f +=  

 

There exist some functions we may as k is its limit existing or not. as: 
x

xsin
lim

0  x →

 , if we 

put 0x =  we get )0/0( which is undetermined value. 

e.g. 

►    53)4(2)3x2(lim
4x

=−=−
→

               ,    ►   3272xlim
7x

=+=+
→

 

 

 

Example : 1  

If . )x(flim
2x→

   find    
6x7x5

2x5x2
)x(f

2

2

−−

+−
=     :   

Solution : 

0

0

6x7x5

2x5x2
lim)x(flim

2

2

2x2x
=

−−

+−
=

→→
   which is undetermined value. 

By using the factorization to simplify the function and eliminate )2( −x from numerator and 

denominator  
 

)3x5)(2x(

)1x2)(2x(
lim

6x7x5

2x5x2
lim)x(flim

2x2

2

2x2x +−

−−
=

−−

+−
=

→→→
 

 

 

                      
13

3

)3x5(

)1x2(
lim

2x
=

+

−
=

→
  . §§§ 

 
§§§§§§§§§§§§ 

 

Example : 2  

If 
3x

9x
)x(f

−

−
=     then find   )x(flim

9x→
  and  sketch the function )x(f  and find the limit 

from the sketch. 
 

Solution : 

0

0

3

9
lim)(lim

99
=

−

−
=

→→ x

x
xf

xx

 















+

+

−

−
=

−

−
=

→→→ 3x

3x
.

3x

9x
 lim

3x

9x
lim)x(flim

9x9x9x

     

 

 














−

+−
=

→ )9x(

)3x)(9x(
 lim

9x
6)3x(lim

9x
=+=

→

. §§§ 
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 To sketch the function 
3x

9x
)x(f

−

−
=     Which is the function   3xy +=  after simplifying. 

 
The value of )x(f  approaches from the value 6  when x  approaches from  9 . §§§ 

 

§§§§§§§§§§§§ 

 

 
Example : 3  

If 2x)x(f −= , sketch the graph of  f and find if possible:  

 (i)  )x(flim
2x −→

(ii) ,             )x(flim
2x +→

   ,   (iii) )x(flim
2x→

. 

 

Solution : 

The curve as in the following figure: 

 
  (i) The right limit )x(flim

2x +→

: 

     If 2x   then 02x −  so,  2x)x(f −=  is 

     a real value then f  is defined so, 0222xlim
2x

=−=−
+→

. 

 (ii) The left limit )x(flim
2x −→

: 

      The left limit doesn't exist where 2x)x(f −=  is not real value when 2x  .   (iii) The limit  

)x(flim
2x→

 doesn't exist because 2x)x(f −=  is undefined on the open interval  

        containing the number 2. §§§  

 
§§§§§§§§§§§§ 
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Theorem :   (3-1) 

 

 

 

 

 

 
 

Example : 4  

If 
x

|x|
)x(f = , sketch the graph of f and find: 

i) )x(flim
0x −→

         ,    (ii) )x(flim
0x +→

          ,    (iii) )x(flim
0x→

                  

Solution : 

 
The function is undefined at  0x =  

(i) If  0x  then  1
x

x

x

|x|
lim

0x

−=
−

=
−→

 

(ii) If  0x  then 1
x

x

x

|x|
lim

0x

==
−→

 

(iii)Since 
−→

)(lim
0

xf
x

)x(flim
0x +→

. 

then, )x(flim
0x→

 doesn't exist.  §§§ 

                                                                  
§§§§§§§§§§§§ 

 

 

Example : 5  

If 








+

=

−

=

1x;   1x

1x;           4

1x;      x3

)x(f

2

 , sketch the graph of f and find: 

 

(i) )x(flim
0x −→

            ,   (ii) )x(flim
0x +→

               ,   (iii) )x(flim
0x→

  

Solution : 
 

  (i) 2)x3(lim)x(flim
1x1x

=−=
−− →→

 

  (ii) 2)1x(lim)x(flim 2

1x1x

=+=
++ →→

 

   Since )x(flim2)x(flim
1x1x +− →→

==    

     Then, 2)x(flim
1x

=
→

 §§§ 

 

§§§§§§§§§§§§ 

 

 

 

 

L)x(flim
ax

=
→

               if and only if,   i.e.   )x(flimL)x(flim
axax +− →→

==          

 limit of the function exists if and only if the right and left limits are exist and equal 
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Example : 6 

Find  )x(flim
1  x →

if  




−

+
=

1x  ,        x25

1x  ,          1x
)x(f  

Solution : 

2)1(f      211     1xlim)x(flim
1  x1  x

==+=+= −

→→ −−
 

 

3)1(f      32.1-5   )x25(lim)x(flim
1  x1  x

===−= +

→→ ++
. 

 

 
                                                                                                                             

           
−→+= 1   )1x()x(f         1         )x25()x(f    1 −=+                                                  

 

Then,  )(lim
1  

xf
x→

 doesn't exist  . §§§ 

§§§§§§§§§§ 

 
Example : 7 

  Evaluate  
3x

3x
  lim

3  x −

−

→
  ,  if exist . 

Solution : 

It is noted that :    
3x   ,        )3x(

3x   ,       )3x(    
3x





−−

−
=−  

       1
)3x(   

)3x(
)x(flim

3 x

−=
−

−−
=

−→

   ,         1
)3x(   

)3x(
)x(flim

3 x

=
−

−
=

+→

 


+→

)x(flim
3 x

)x(flim
3 x −→

 then )x(flim
3 x→

  doesn't exist   . §§§ 

 
§§§§§§§§§§ 
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E x e r c i s e   ( 3-1) 

 
 
(1) Evaluate the following limits if exist: 

  (a)
1x2

4x
 lim

1x +

+

−→
    ,   (b) 4

2x

2x
lim

5x −

+

→
       ,   (c) . 

)1x)(3x(

)4x)(3x(
 lim

3x ++

−+

−→
   

 

(d)
2x

4x
lim

2

2x −

−

→
      ,     (e)

2x

16x
lim

2

4x −

−

→
     ,    (f) . 

7x5x2

xx
lim

2

2

1x −+

−

→
    

 
 

 

(2) Evaluate the following limits if exist: 

 

)x(flim
ax −→

     ,     )x(flim
ax +→

    ,      )x(flim
ax→

  . 

     For the given following functions :  
 

(a) 4a    ;    
4x

|4x|
)x(f =

−

−
=        , (b) )2/5(a  ;  xx25)x(f 2 =−−=     

(c) 5a   ;    
|5x|

5x
)x(f −=

+

+
=        , (d)  )2/5(a  ;  xx25)x(f 2 =−−=    

 
 
 

(3) sketch the graph for the following functions and evaluate its limits if exist: 
 

 (1) 






−

−
=

1x;       x4

1x;     1x
)x(f

2

        ,     (2)  






−


=

1x   ;            x3

1x   ;               x
)x(f

3

   

 

 (3) 




−

−
=

1x;       x3

1x;     1x3
)x(f          ,    (4) 





=

−
=

1x   ;                  1

1x   ;          |1x|
)x(f     

 

 (5) 








+

=

+

=

1x    ;       1x

1x    ;             1

1x    ;     1x

)x(f

2

      ,     (6)  








−

=

−

=

1x    ;          21x

1x    ;                  1

1x    ;            x

)x(f

2

   

§§§§§§§§§§§§ 
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 I-2  L i m i t s  B y  D e f i n i t i o n    

 

Definition :   (3-1) 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From definition (3-1): 

    (i)  − |ax|        .       +− axa      

    (ii)      +=− L)x(fyL           − |Ly|    . 

and the following figure shows the relation between (i), (ii). 

 

 
 
 
 
 

 

 

Example : 8 

 By  limit definitions, find the relation between    ,     ,  if :   9
)2x(

10xx2
lim

2

2  x
=

−

−+

→
 

Solution : 

From the definition of the limits:  

    9
)2x(

)2x)(5x2(
  9

)2x(

10xx2 2

−
−

−+
−

−

−+   

                       
2

1x      2x2       9)5x2(


−−−+  

If  §§§.   
2

   ;    1x 0   ;  x     9)x(f


−−   :  then    ) 2/( =      

   
§§§§§§§§§§ 

  

If  the function f   is defined on open interval contain the number a   , then  we 

call that )x(f   has a limit at  the number a   and if  there  exist a real number 

L  such that  :   L)x(flim
ax

=
→

 ,  or in other word  

For every 0  (called tolarnce− ) there exist a  0  (called tolarnce− )  

and  such that  :  

If    − |ax|0  then   − |L)x(f| . 
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Example : 9 

 By  limit definitions, prove that:  .  1
)3x(

6x5x
lim

2

3  x
=

−

+−

→
        

Solution : 

            From the definition of the limits,   

 1
)3x(

6x5x
            L)x(f

2

−
−

+−
−  

         1)2x(         1
)3x(

)2x)(3x(
 −−−

−

−−
   3x −  

Let    =  then   , −
−

+−
3-x0   ; x     1

)3x(

6x5x 2

     

Then the limit is exist and    1
)3x(

6x5x
lim

2

3  x
=

−

+−

→
  . §§§ 

§§§§§§§§§§ 
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E x e r c i s e   ( 3-2) 

 

 (1)  Use the definition of the limits to show that: 

(a)  3
1x

1x
lim

3

1  x
=

−

−

→
     ,      (b) 5

3x

6xx
lim

2

3  x
−=

+

−+

−→
  

 

(c)   4)2x3(lim
2 x

=−
→

   ,      (d) 5)1x2(lim
3  x

−=+
−→

  

 

(e)   64)x910(lim
6 x

=−
−→

  ,      (f) 0)x
2

1
3(lim

6  x
=−

→
  

 
 

§§§§§§§§§§ 
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I-3  L i m i t s  B y  T e c h n i q u e s 

Theorem :   (3-2) 

 

 

 

 

 

 

 

 

 

 
 

(e.g.) :   ►    88lim
2x

=
−→

             ,    ►   7xlim
7x

=
→

    

► 282765)3(4)3(25)x4x25(lim 33

3x
−=−−=−−+−+=−+

−→
 . 

 
Theorem :   (3-3) 

 

 

 

 

 

 

 

 
 

(e.g.) :   ► ( ) 33
3

3

2x

33

2x
421083)x12x3(lim)x10x3(lim =−=







 −=−
→→

 

► 28464)x6x(limx6xlim 33 2
3

2

4x

3 2

4x
−=−=−=−=−

→→
. 

    

 

Theorem :   (3-4) 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

1- If )x(f is defined at a  then :  (a)  )a(f)x(flim
a    x

=
→

   ,  (b)  CClim
a    x

=
→

 

     Where C  is constant.  ,   and if  
 

 2- )x(f is a polynomial on the form:  n
n

2
21 xc...xcxcc)x(f ++++=    

      Then  :   n
n

2
21

a    x
ac...acacc)x(flim ++++=

→
  

 

(1)  
m

a    x

m

a    x
)x(flim)x(flim





=
→→

  ,  Where 0m    and real. 

 

(2) n
a    x

n

a    x
)x(flim)x(flim

→→
= . 

 

If   then , 2
a    x

L)x(glim =
→

, 1
a    x

L)x(flim =
→

  ; nctions andare two real fu )x(g , )x(f    

     (1)    21
a    xa    xa    x

LL)x(glim)x(flim)x(g)x(flim ==
→→→

 

     (2)    RC     ;     L.C)x(flim.C)x(Cflim 1
a    xa    x

==
→→

 

     (3)    21
a    xa    xa    x

L.L)x(glim).x(flim)x(g).x(flim ==
→→→

 

      (4)  0L    ;    
L

L

)x(glim

)x(flim

)x(g

)x(f
lim 2

2

1

a    x

a    x

a    x
=















=








→

→

→
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S o l v e d  P r o b l e m s  : 
 

1)    Evaluate :  
1x

3x2
lim

2 x +

−

→
 

Solution : 

By direct substitution    with  2x =   ,  we get:§§§ . 
3

1

12

33.2
       

1x

3x2
lim

2 x
=

+

−


+

−

→
    

 

2)    Evaluate  :  

3/2

2

2

1 x 2x2x

9x2x
lim

−

→ 













−+

+−
 

Solution : 

By direct substitution with   1x =   , we get  :      

3/2

2

2

1 x 2x2x

9x2x
lim

−

→ 













−+

+−

3/2

2

1 x

2

1 x

)2x2x(lim

)9x2x(lim

        

−

→

→

















−+

+−

      

§§§ .     ( ) ( )
4

1
228

)21.21(

)91.21(
 23/233/2

3/2

2

2

====














−+

+− −−−

−

             

 

3)  Evaluate   
3x2

9x4
lim

2

(3/2)  x −

−

→
 :    

Solution : 

By direct substitution  with  )2/3(x =   we get  :   
0

0
     

3x2

9x4
lim

2

(3/2)  x
=

−

−

→
 

we must eliminate 0)3x2(0)2/3(x =−=−    from the numerator and denominator 

6)3x2(lim
)3x2(

)3x2)(3x2(
lim    

3x2

9x4
lim

3  x23  x2

2

(3/2)  x
=+=

−

+−
=

−

−

→→→
  . §§§ 

 

 

4)  Evaluate   
4)2x(

x
  lim

20  x −+→
  :  

Solution : 

By direct substitution  with  0x =  , we get:    
0

0
 

4)2x(

x
  lim

20  x
=

−+→

  

   
   

2)2x(  2)2x(

x
  lim 

4)2x(

x
  lim

0  x20  x ++−+
=

−+ →→
 

 

    
    4

1
    

2)2x(

1
  lim

  2)2x( x  

x
   lim

0  x0  x
=

++
=

++
=

→→
              . §§§ 

 
 

 

 

 

 

 

 

 

 



CHAPTER 3                                                            Limits And  Continuity 

 

 

 49 

 

 

5)   Evaluate: 
x2x

39x
lim

20  x +

−+

→
     

Solution : 

By direct substitution   with  0x =  ,  we get  :              
0

0

x2x

39x
lim

20  x
=

+

−+

→
  

 
++

++

+

−+
=

+

−+

→→
    

39x

39x
.

x2x

39x
lim

x2x

39x
lim

20  x20  x
 

 

)39x)(2x(x

x
lim

)39x)(2x(x

)3()9x(
lim

0  x

22

0  x +++
=

+++

−+

→→
 

 

§§§ .  
12

1

)39.(2

1

)39x)(2x(

1
lim    

0  x
=

+
=

+++


→
     

 

6)  Evaluate:  
2x

x8x
  lim

4

2-  x +

+

→
    

Solution : 

By direct substitution  with  2x −=  ,  we get: 
0

0
 

2x

x8x
  lim

4

2-  x
=

+

+

→
    

    

 2)(x

)8x(x
lim 

2x

x8x
  lim

3

2-  x

4

2-  x +

+
=

+

+

→→
 

                  
 24)4x2x(xlim

2)(x

)4x2x)(2x(x
lim 2

2-  x

2

2-  x
−=+−=

+

+−+
=

→→         
. §§§ 

 

 

7) Evaluate:  
2x

4x
  lim

2

2  x −

−

+→

   

Solution : 

By direct substitution   with += 2x  ,  we get: 
0

0
 

2x

4x
  lim

2

2  x

=
−

−

+→

 

2x

2x
.

2x

4x
  lim 

2x

4x
  lim

2

2  x

2

2  x −

−

−

−
=

−

−

++ →→

 

 

       
 

      
)2x(

2x)2x)(2x(
  lim 

)2x(

2x)4x(
  lim

2  x
2

2

2  x −

−+−
=

−

−−

++ →→

 

 §§§ .  0022x )2x( lim
2  x

==−+
+→

        

 
§§§§§§§§§§ 
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Theorem :   (3-5) 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

8 ) Evaluate
2x

32x
lim

5

2  x +

+

−→
 

Solution : 

By direct substitution   with 2x −=  we get: 
0

0

2x

32x
lim

5

2  x
=

+

+

−→
 

the function can be written as 
)2(x

)2(x
lim

55

2 x −−

−−

−→
 

from theorem (3-5) , 5n = we get: 80)2.(5
)2(x

)2(x
lim 15

55

2 x
=−=

−−

−− −

−→
  . §§§ 

  

9 ) Evaluate
5x

5125x
lim

7

5 x −

−

→
 : 

Solution : 

By direct substitution    with 5x =  we get:

 0

0

5x

5125x
lim

7

5 x
=

−

−

→
 

the function can be written as 
5x

)5(x
lim

77

5 x −

−

→
, 

from theorem (3-5) , 7n =  we get: 

8751257)5.(7
5x

)5(x
lim 17

77

5 x
===

−

− −

→
. §§§ 

 

 

 

1)  If 
ax

ax
  )x(f

nn

−

−
=  and 

0

0
 

ax

ax
  lim

nn

a  x
=

−

−

→
 then, the limit of the function (if exist)  

      could be calculated from  :       

0n  ,  Zn     ;   na 
ax

ax
  lim 1n

nn

a  x
=

−

− −

→
  ;   and  

 2) If 
mm

nn

ax

ax
  )x(f

−

−
=  and 

0

0
 

ax

ax
  lim

mm

nn

a  x
=

−

−

→
 then  , the limit of the function (if exist) 

could be calculated from:
  

           
0m,n  ,  Zm,n     ;   a

m

n
 

ax

ax
  lim mn

mm

nn

a  x
=

−

− −

→
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10)  Evaluate
8)1x(

64)1x(
lim

3

6

1  x −+

−+

→
 : 

Solution : 

By direct substitution   with 1=x  we get:
0

0

8)1x(

64)1x(
lim

3

6

1  x
=

−+

−+

→
 

put )1x(y +=  then 2y1x →→   ,  then the function could be written as: 

33

66

2  y )2(y

)2(y
lim

−

−

→
  3m , 6n ==        

  16)2.(
3

6

)2(y

)2(y
lim 36

33

66

2  y
==

−

− −

→
  .§§§ 

§§§§§§§§§§ 
 

 
Theorem :   (3-6) ( Sandwich Theorem )  
 

 

 

 

 

 

 

The following figure shows the meaning of   the 

 sandwich theorem. 

 

  
 

 

11) Use sandwich theorem to prove that: 0
1

sinlim 2

0  
=

→ x
x

x
  

Solution : 

Since 1tsin1 −  , 0x  , x  , 1
x

1
sin1

2
− then,   t Rt    

multiply by (
2x ) we get :     

2

2

22 x
x

1
sin.xx −  

which means that the curve of :   2

2

x

1
sinxy =  

lies between the two curves 
2xy =   ، 2xy −=  :   

Since  


)x(g

2

0  x
0)x(lim =

→
   ،  

  
)x(f

2

0  x
0)x(lim =−

→
  

Then,  0
x

1
sinxlim 2

0  x
=

→
.     .§§§ 

§§§§§§§§§§ 

 

 

If: )x(g)x(h)x(f   x  in open interval contain  a  except at  a  ) ax  (  

      and  if  )x(glimL)x(flim
axax →→

==    ,  then  L)x(hlim
ax

=
→
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I-4  L i m i t s   I n v o l v i n g  I n f i n i t y 

  
For the two functions 

+→ax

)x(flim    ،   
−→ax

)x(flim    

when x  approaches from  a  then, the limit could be increased without maximum limit (or 

decreasing without minimum limit),  to show this  

 

Let 
2x

1
)x(f

−
=  and x approaches from 2 , 2x  the following table shows these values: 

 
 
 

When we find the right limit then it be increasing without maximum limit which can be 

written as   : =
−+→ 2x

1
lim

2x
. 

 

The symbol     means that the limit is increasing without maximum limit. , Similarly it 

decreasing without minimum limit when we find the left limit which can be written as 

−=
−−→ 2x

1
lim

2x
 

 

 

N O T E 

* If  =
−→ 2x

1
lim

2x
   then . =

−−→ 2x

1
lim

2x

  ،   =
−+→ 2x

1
lim

2x

  

* If −=
−→ 2x

1
lim

2x
 then  −=

−−→ 2x

1
lim

2x

  ، −=
−+→ 2x

1
lim

2x

  

    
 

 

 

 

 

 

2.1    2.01   2.001  2.0001  2.00001 2.000001   x  

10     100    1000     10000    100000    1000000  )x(f  
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Example : 10 

Evaluate the following limits (if exist)  

)i) 
3

4x )4x(

1
lim

−−→

   ,      (ii) 
3

4x )4x(

1
lim

−+→

   ,     (iii) 
34x )4x(

1
lim

−→
 

Solution : 
 

(i)  If 4x → , 4x  then   −=
−−→

3
4x )4x(

1
lim   .§§§ . 

(ii)   If 4x → , 4x    then   =
−+→

3
4x )4x(

1
lim   .§§§. 

(iii) As 
3

4x
3

4x )4x(

1
lim

)4x(

1
lim

−


− +− →→

  , then  

 

34x )4x(

1
lim

−→
  doesn't  exist     .§§§             

§§§§§§§§§§ 

 
 

Theorem :   (3-7) 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

Theorem :   (3-8)  
 

 

 

 

 

 

 

  If k  is a positive rational number and  c  is a real number then: 

1- 0
x

c
  lim

kx
=

−→
. 0

x

c
  lim

kx
=

→
         ،      

2- If n  is an integer even number then: =
→ nax a)-(x

c
  lim . 

3- If n  is an integer odd number then: 

         . =
+→

n
ax a)-(x

c
  lim    −=

−→
n

ax a)-(x

c
  lim              ،   

       4-  1N  ;   N  lim x

x
=

→
        ،    1N  ;   0N  lim x

x
=

→
  

If )x(g),x(f two functions defined on open interval doesn't contain the 

 number a  and 0)x(flim
ax

=
→

, )x(g is bounded then: 0)x(g)x(flim
ax

=
→
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Example : 11 

Prove that: 0
x1

xcos
lim

2  x
=

+→
 

Solution : 

Put =x   we get  : , 



=

+→ 2  x x1

xcos
lim    

Since 1xcos1 −  then the function is bounded. 

And   0
1

1
lim

2  
=

+→ xx
, 

 using theorem (3-8) then,  0xcos.
x1

1
lim

2  x
=

+→
  .  §§§ 

 

§§§§§§§§§§ 

 

Example : 12 

Prove that:
7

3

17

7.32
lim

x

1x1x

 x
=

−

+ −+

→
  

Solution : 

Put =x   ,  we get: 



=

−

+ −+

→ 17

7.32
lim

x

1x1x

 x
 

Divided by x7  we get: 
 


−

+ −+

→ 17

7.32
lim

x

1x1x

 x
)7/3(

01

7.30.2 1

=
−

+
=

−

 
x

1x

 x )7/1(1

7.3)7/2.(2
lim

−

+ −

→
  . .  §§§ 

 

§§§§§§§§§§ 

 
Example : 13 

Evaluate : 
7x2x6

1xx3
  lim

23

3

  x −+

+−

→
   

Solution : 

Put =x we get :   



=

−+

+−

→ 7x2x6

1xx3
  lim

23

3

  x
 

Divided by 
3x  we get  :  

  

( )
( ))x/1((7)x/1(6   x

)x/1()x/1(3    x
    lim

7x2x6

1xx3
lim

33

323

  x23

3

  x −+

+−
=

−+

+−

→→
 

 

( )
( ) 2

1

006   

003    
 =

−+

+−
=                                .  §§§ 

 
§§§§§§§§§§ 
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Example : 14 

Evaluate  : 
7 27

5 35

  x xx

xx
lim

−

+

→
  

Solution : 

Put  =x   ,   we get :  



=

−

+

→ 7 27

5 35

  x xx

xx
lim  

   
)x/1(1(x

)x/1(1(x
lim

xx

xx
lim

7 27

5 25

  x7 27

5 35

  x −

+
=

−

+

→→
 

 

                             1
1

1

)x/1(1(   x 

)x/1(1(   x 
lim  

)x/1(1(x

)x/1(1(x
lim   

7 2

5 2

  x7 27

5 25

  x
==

−

+
=

−

+
=

→→
       .  §§§ 

 

 

§§§§§§§§§§ 
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I-5  L i m i t s    O f   T r i g  o n o m e t r i c   F u n c t i o n s 

 
In this section we will have some theorems (without proof) which will help to find the 

limits of the functions which contains trigonometric functions.  

 

Theorem :   (3-9)  
 

 

 

 

 
 

 

Theorem :   (3-10)  
 

 

 

 

 

 

 

 

 

 

 

 

 
Example : 15 

Evaluate  :       
x4

x5sin
lim

0  x →
    (if exist) 

Solution : 

Put 0=x    , we get : 
0

0

x4

x5sin
lim

0  x
=

→
,  

Use  theorem (3-10) 
   

4

5
1.

4

5

x5

x5sin
lim.

4

5

x5

x5sin
.

4

5
lim

x4

x5sin
lim

0  x0  x0  x
====

→→→
   .  §§§ 

. 

§§§§§§§§§§ 

 

 
 

 

 (1)  0xsin  lim
0x

=
→

 ,     (2)  1xcos  lim
0x

=
→

     ,       (2)  0xant  lim
0x

=
→

 

 

                 
 

(1)  Ra   ;  atanxtanlim ,  acosxcoslim  ,  asinxsinlim
a xa xa x

===
→→→

    

 (2)  1
x

xtan
lim      ,      0

x

xcos1
lim    ,        1

x

xsin
lim

0 x0 x0 x
==

−
=

→→→
    

 

 (3)  1
ax

axtan
lim         ,        1

ax

axsin
lim

0 0 x
==

→→
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Example : 16 

Evaluate :    


−

→ sin

cos1
lim

0 
  (if exist) 

Solution : 

Put 0=   , we get   :  
0

0

sin

cos1
lim

0 
=



−

→
  

Multiply the numerator and the denominator by the conjugate of  ( − cos1 ( and using the 

theorem we get: 

     
cos1

cos1
.

sin

cos1
lim

sin

cos1
lim

0 0 +

+



−
=



−

→→
 

         
)cos1)(sin(

sin
lim

)cos1)(sin(

cos1
lim 

2

0 

2

0 +


=

+

−

→→
                 

   
2

1

2

1
1.

cos1

1
lim .

sin
lim 

0 0 
==

+



→→
   .  §§§ 

§§§§§§§§§§ 

 

Example : 17 

Evaluate: 
x2tanx

x3sin
  lim

0  x +→
   (if exist) 

Solution : 

Put 0=x  ,  we get  :we get: x d by ivided  , 
0

0

x2tanx

x3sin
lim

0  x
=

+→
  

    

x2

x2tan
.2

x

x
x3

x3sin
.3

   lim
x2tanx

x3sin
lim

0  x0  x
+

=
+ →→

 

       1
2.11

3.1
   

)
x2

x2tan
.21(lim

x3

x3sin
lim.3

 

0  x

0  x
=

+
=

+
→

→
.  §§§     

§§§§§§§§§§ 

 

Example : 18 

Evaluate: 2
x

2
tan

x

1
sinxlim 2

 x
=

→
  (if exist) 

Solution : 

Put 
x

1
y =  and noted that 0yx →→  then   ,  

  y2tan.ysin.
y

1
  lim    

x

2
tan

x

1
sinxlim

20 y

2

 x →→
  

  21.2.1
2y

y2tan
.2.

y

ysin
  lim 

0 y
==

→
    §§§ 

§§§§§§§§§§ 
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Example : 19 

Evaluate  : (if exist)  
320  x xx4

xtanxsin
lim

−

+

→
   

Solution : 

Put 0=x  we get:
0

0

xx4

xtanxsin
lim

320  x
=

−

+

→
   

Divided by x  we get: 

  

2

320  x

x

xx4

x

xtan

x

xsin

lim

−

+

→ )x4(lim

x

xtan
lim

x

xsin
lim

0  x

0  x0  x

−

+

=

→

→→ 1
4

11
=

+
=      §§§ 

§§§§§§§§§§ 
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E x e r c i s e   ( 3-3) 

 

(1) Evaluate the following limits (if exist) 

(a)  
x2x

2x
lim

22 x −

−

→
             ,         (b) .          

1x

1x2
lim

21  x −

−−

→
    

 

(c) 
8x7x

8)3x(
lim

2

3

1 x −−

−+

−→
           ,         (d) .          

16x

8x
lim

4

3

2-  x −

+

→
    

 

(e)  
1x2

1x16
lim

4

)2/1( x +

−

→
            ,         (f)  .     

39x

9x
 lim

5

4

3  x +

−

−→
   

 

(g) 
1)x31(

1)x31(
lim

7

10

0  x −+

−+

→
           ,         (h)   3

2

3

3  x 1x

x3x52
lim

−

−+

→

   . 

 
 

(2)  Evaluate the following limits : 

             (a) 
x5x4

3x2
lim

3

2

  x +

−

−→
           ,         (b)    3

2

  x )1x(x

x8
lim

+

+

→
      

  (c) 
1x

3x4
lim

2  x +

−

−→
            ,        (d)    

x5x4

3x2
lim

3

2

-  x +

−

→
              

 

(3) Prove that: 

  (a) 0
x

1
sinxlim 3

o  x

=
+→

       ,      (b) 1
x

1
sinxlim

 x
=

→
  

 

 
 (4) Evaluate the following limits (if exist) 

(a)  
x4tanx

x2sin
lim

2

0  x →
          ,      (b)

30  x x

xsinxtan
lim

−

→
 

(c)   
xcos1

xsinx
   lim

0  x −→
         ,    (d)   x2cotx3sinlim

0  x→
  

 

 

§§§§§§§§§§ 
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II-  C O N T I N U I T Y   O F  A   FU N C T I O N S  
  

 
 
 
 
 
 

 
 

 

Fig.   ( i)       Fig.   (  i) 

 

From the figure: 

• In figure (i) )c(f is undefined. 

• In figure (ii) )c(f is undefined but )c(f)x(flim
cx


→

  

• In figure (iii) )x(flim
cx→

 doesn't exist. 

• In figure (iv)  )c(f is undefined and =
→

)x(flim
cx

 

Then the function )x(f  which is defined on open interval contain the point a  is said to be 

continuous if it satisfies the conditions in the following definition.  

  

Definition :   (3-2) 

 

 

 
 
 

 

 

 

 

 

 

 

 

 

 

N O T E 
 

If at least one of the conditions in definition (3-5) not satisfied then the function is 

discontinuous. 

 

The function )x(f is said to be continuous at a if it satisfies the following 

conditions:  

1- )x(f  is defined at ax =  ( )a(f is defined). 

2- )x(f has a limit when ax → ( )x(flim
a x→

 is exist). 

3- )a(f)x(flim
a x

=
→

. 
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Types of  discontinuity: 
 

 

 

 

 

 

 

 

 

In the case of Removable we can redefined the function to be continuous. 

 

 

 

Example : 20 

Show that the function 1x   ;   
1x

1x
)x(f

2


−

−
=  is not continuous, and redefined it to be 

continuous. 
 

Solution : 

From definition (3-2):  2
1x

1x
lim

2

1 x
=

−

−

→
 is not exist and )1(f   

Then, the function can be written as following to be continuous: 

  









=


−

−

=

1x   ;               2

1x   ;       
1x

1x

)x(f

2

  

Then . )x(flim2)1(f
1x→

==    which is a continuous function    §§§ 

§§§§§§§§§§ 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

**  In figure (i),(ii) the discontinuity called Removable Discontinuity . 

   **  In figure (iii) the discontinuity called Jump Discontinuity   

      **  In figure (iv) the discontinuity called Infinity Discontinuity. 
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The following figures give some examples for the types of discontinuity. 

 

  

i)
1x

2xx
)x(g

2

−

−+
=      ,  ii) 










−

−+

=

2

1x   ;   
1x

2xx

)x(h

2

                          

 

 
 
 
 
 

 

 

 

 

        Removable discontinuity        Removable discontinuity  
           defined )1(g                  )1(h3)x(hlim

1x
=

→
 

 
 
 

        iv)   
x

|x|
)x(p =                  iii )  

x

1
)x(h =     

 

 

 
 
 
 
          
 

      
 

       
 

 

   

          Jump Discontinuity                                       Infinity Discontinuity 

             is un defined  )0(h                                     is un defined  )0(p   

         doesn't exist )x(hlim
0x→

                          doesn't exist )x(plim
0x→
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Theorem :   (3-11)  
 

 

 

 

 

 

 

 

 

 

 
Example : 21 

Find the points of discontinuity for the function:    
x2xx

1x
)x(f

23

2

−+

−
= . 

 

Solution : 

=−+ x2xx 23
=−+ )2xx(x 2 )1x)(2x(x −+  

Then the points of discontinuity is 1,2,0 −   .  §§§    

 
   §§§§§§§§§§  

Example : 22 

If    x9)x(f 2−= , sketch the graph of f and show that the function is continuous on 

the interval ]3,3[− . 

Solution : 

 

 
 
 
 
 

 
 

 

 

 
     

Then  , the function is continuous from the right at 3−  and continuous from the left at 3  

then, f  is continuous on the closed interval  ]3,3[−   .  §§§ 

 

§§§§§§§§§§ 

 

 

1- The polynomial )x(f  is continuous for every real number 

a ( Ra ). 

2- The rational function g/fq =  is continuous for every real number 

except a  where 0)( =ag .  

3- The root function )x(f)x(h = is continuous for every real number 

except a  where 0)( af . 

                

 

The continuity will be discussed firstly on the  open 

interval )b,a(  then we will discuss the continuity at  

a  from the right and the continuity at  b from the left. 

Since  3a3 − )a(fa9lim)x(flim 2

axax
=−=

→→
     

Then f  is continuous for a  on the open interval )3,3(−  

)3(f099x9lim)x(flim 2

3x3x

−==−=−=
++ −→−→

 

)3(f099x9lim)x(flim 2

3x3x

==−=−=
−− →→
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Example : 23 

Discuss the continuity for the function: 









=

0x  ;      1

0x  ;   x
)x(f

2

 

Solution : 

The continuity will be discussed at 0=x , 

1- 0)0(f =  (Condition 1 satisfied). 

2- 1lim10xlim
0 x

2

0 x −+ →→

==  then the limit doesn't exist(Condition 2 not satisfied). 

             then, the function is not continuous at 0x = . §§§ 

 

§§§§§§§§§§§§ 

 

Example : 24 

Discuss the continuity for the following functions:  
 

(a)

 












−

−+

=



=

1x    ;            0

1x0    ;   xx

0x   ;             1

0x   ;       xsin

)x(f
2

 

 ,     (b)

  



















+

=

3x    ;       3x
2

1

3x2   ;              
2

x

2x0   ;               5

0x   ;3x    x

)x(f

2

 

Solution : 

 (a) we will discuss the continuity at the points 1 ,  0 −== xx . 

 

First  :   at   0x =  

(1) 1)0( =f  (Condition 1 satisfied). 

 

(2) )xx(lim0xsinlim 2

0 x0 x

+==
−+ →→

 ,  then, 0)x(flim
0 x

=
→

   (Condition 2 satisfied). 

(3) )0(f10)x(flim
0x

==
→

   (Condition3 not satisfied)  

          then, the function is not continuous at 0=x . . §§§ 

Second  : at  1x −=   

(1) 0)1( =−f   (Condition 1 satisfied). 

 

(2) 0lim0)(lim
1 

2

1- −+ −→→
==+

xx
xx    ,  then, 0)x(flim

1 x
=

→
  (Condition 2 satisfied). 

 

(3) )1(f0)x(flim
1x

−==
−→

  (Condition 3 satisfied) , then, the function is continuous at 

 1x −= . §§§ 
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(b)   we will discuss the continuity at the points 3x ,  2x ,  0x === . 

 

First  :   at   0x = , 
(1) 5)0(f =  (Condition 1 satisfied). 

 

(2) )x3x(lim055lim 2

0 x0 x

+==
−+ →→

 then, )x(flim
0 x→

 doesn't exist. (Condition 2 not satisfied).  

          then, the function is not continuous at 0=x .. §§§  

   

Second  : at  2x = , 

(1) , 1)2/x()2(f ==   (Condition 1 satisfied). 

 

(2) 5lim51)2/x(lim
2 x2 x −+ →→

==  then, )x(flim
2x→

 doesn't exist. (Condition 2 not satisfied). 

          then, the function is not continuous at 2x = .. §§§ 

 

Finally  : at 3x = , 

(1)  
2

3
x3

2

1
)3(f  ==  (Condition 1 satisfied). 

 

(2) )2/x(lim
2

3
x3

2

1
lim

3 x3 x −+ →→

==  then, 
2

3
)x(flim

3 x
=

→
 (Condition 2 satisfied). 

(3) )3(f
2

3
)x(flim

3 x
==

→
 (Condition 3 satisfied)  

          then, the function is continuous at 3x = .. §§§ 

  
§§§§§§§§§§ 

 
T r y   t o   s o l v e : 

 
Discuss the continuity for the following function: 

(a)  






−+
=

0   ;       x2cos

0x   ;   11x
)x(f    ,     (b)

  























=

2
  x;2x      

2
x0  ;anx   t

0x  ;inx    s

)x(f       

 

  (c)  5x2)x(f −=     ,       (d)

  















+

=



=

0  x;      
x

x2x

0 x;   2

0x  ;    
x

x2sin

)x(f

2

      

 
§§§§§§§§§§ 
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Example : 25 

Find the value of k  which make the following functions be continuous at 0x =  . 

(a)  








=


=

0x;           k

0x;    
x3

x4sin

)x(f    ,    (b)

  







=−


=

0x;     2k5

0kxcos  ;   0x;    
x

kxtan

)x(f       

Solution : 

  (a) 
3

4

x4

x4sin

3

4
lim

x3

x4sin
lim

0 x0 x
==

→→
 

The function is continuous if the third condition satisfied then , k
3

4
        )0(f)x(flim

0 x
==

→
 . §§§ 

 

(b) k
kx

kxtan
.klim

x

kxtan
lim

0 x0 x
==

→→
   

The function is continuous if the third condition satisfied then,     

 . )2/1(k =    25       )0()(lim
0 

−==
→

kkfxf
x

. §§§ 

§§§§§§§§§§§§ 

 
Example : 26 

Find the values of L,k  which make the following functions be continuous at 0x =  . 
 

(a)  
















+

=


+

+−

=

0x   ;     
x

kxsinx

0x   ;                    L

0x;        
6x3

1xx

)x(f

2

2

2

       ,    (b)

  
















=+


+

+

=

0x;    
x

Lxsin

0x;       1k

0x;    
4x

1x

)x(f       

Solution : 

 (a)  kk0
kx

kxsin
.klimxlim

x

kxsinx
lim

0 x0 x

2

0 x

=+=+=
+

+++ →→→

   

6

1

6x3

1x6x
lim

2

2

0 x

=
+

+−

−→

   . 

 

Since, the function is continuous ,then   

 )x(flimk
6

1
)x(flim

0 x0 x +− →→

===  
6

1
)x(flim

0 x
=

→
 

The function is continuous if the third condition satisfied then, 

L
6

1
k       )0(f)x(flim

0 x
===

→
. 
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 (b)   
2

1

4x

1x
lim

0 x

=
+

+

+→

   ,    L
Lx

Lxsin
.Llim

x

Lxsin
lim

0 x0 x

==
−− →→

 

)x(flimL
2

1
)x(flim

0 x0 x −+ →→

=== .
2

1
)x(flim

0 x
=

→
    

The function is continuous if the third condition satisfied then, 

1kL
2

1
       )0(f)x(flim

0 x
+===

→
 )2/1(kL ==           

 
§§§§§§§§§§§§ 

 

 
T r y   t o   s o l v e : 

 
Find the values of L,k  which make the following functions be continuous  

(a)  
















+





−+


−

=

2
x   ; cosx      3

2
x 

2
  ;   kxsinL

2
x;  sinx       5-

)x(f       ,    (b)

  









=+



=

4x;    x

4x;       L21

4x;x    -k

)x(f   

(c)









−+

=



=

1x   ;       kx)1(k

1x    ;                         L

1x   ;                       x

)x(f

2

2

        ,    (d) 















=

−


+

=

0x  ;         2k        

0x  ;           Lx

0x  ;    
x

xLx

)x(f 2

32

      

 
 

§§§§§§§§§§§§ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 



CHAPTER 3                                                            Limits And  Continuity 

 

 

 68 

E x e r c i s e   ( 3-4) 

 (1) Find the points of discontinuity for the following functions: 

 (a)  
2xx

1x
)x(f

2 −+

−
=            ,      (b) .          

12xx

4x
)x(f

2 −−

−
=    

 (c)   
)8x2x)(3x(

7x4
)x(f

2 −++

−
=   ,     (d)  2x3x2)x(f +−=    

 (2) Discus why the following functions are discontinuous and redefined it to be  

      continuous (if possible)  

  (a) 









=


−

−

=

3x  ;            4

3x  ;    
3x

9x

)x(f

2

              ,        (b)           









=


=

0x  ;            0

0x  ;    
x

xsin

)x(f    

(c) 




−=

−+
=

3x  ;            2

3x  ;    |3x|
)x(f                ,       (d)  









=


−

=

0x  ;            1

0x  ;    
x

xcos1

)x(f    

(3) Discus the continuity for the following functions:  

(a) 













=


−

−+

=

0x  ;                
32

1

0x  ;    
3x

3x3

)x(f         ,    (b)           









=


=

1x  ;             0

1x  ;    
|1-x|

2-2x

)x(f    

 (c)  













−
−−

−

−
−

+−+

=

1x  ;              
2xx

2x

1x  ;    
3x

2x3x2

)x(f

2

2
      ,    (d)           









=


=

1x  ;             0

1x  ;    
|1-x|

2-2x

)x(f    

 

(4) Find the values of L,k  which make the following functions be continuous 

(a) 
















−

−

=


+

+−−

=

5x  ;                      
125x

|5x|7

5x  ;                                
10

L

5x  ;    
1x

10x35x6

)x(f

3

    ,    (b)           

















=


−

−

=

2x  ;   x        k

2x  ;             L

2x  ;    
|2x|

4x

)x(f

2

   

 (c) 









=


+

=

0x  ;             k

0x  ;    
x

xsinx3xtan

)x(f 2

2

       ,    (d)           









+


+

=

0x  ;        L3x-x2

0x  ;            
|x|

1xx

)x(f

2

2

   

(e) 









=


−

−

=

1x  ;             k

1x0  ;    
1x

x1

)x(f                   ,    (f)           









+

+

−

=

1x  ;        2x

1x1-  ;        L xk

1x  ;              x

)x(f

2

3

   

§§§§§§§§§§§§ 
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CHAPTER 4 

 
 

 
 

 

 

 

I-   D E R I V A T I V E S  

Derivatives are used to calculate velocity and acceleration , to estimate the rate of  spread 

of a disease, to set levels of production so as to maximize efficiency, to find the best dimensions 

of a cylindrical can, to find the age of a prehistoric artifact, and for many other applications. In 

this chapter, we introduce techniques to calculate derivatives easily and learn how to use 

derivatives to approximate complicated functions. 

 

Definition :  (4.1) 

 

 

 

 

 

 

 

 

I-1  D e r i v a t i v e s   B y   D e f i n i t i o n 

The process of calculating a derivative is called differentiation. To emphasize the idea 

that differentiation is an operation performed on a function we use the notation )(xf
dx

d
. 

If we use the traditional notion )(xfy = to indicate that the independent variable x  and  
 

the dependent variable y  then some common alternative notions for the derivative are as 

follows:  )x(fD)x(Df)x(f
dx

d

dx

df

dx

dy
y)x(f x

'' ======            

The symbols 
dx

d
 and D indicate the operation of differentiation and are called 

differentiation operators.  We read 
dx

dy
as “the derivative of y with respect to x”, and

dx

df
, 

)4x5x8(xy 33/2 +−=   as “ the derivative of ƒ with respect to  x ”. The “prime” notations 'y  and 

'f  come from notations that Newton used for derivatives. 

D E R I V A T I V E S  A N D   

D E R I V A T I V E S  A P P L I C A T I O N S 

 

 

  

The derivative of the function ƒ(x) with respect to the variable x is the function 

whose value at x is:  
h

)x(f)hx(f
lim)x(f

0h

/ −+
=

→
  ;   Provided the limit exists    
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Example : 1 

By derivative definition ,   find )x(f /     if . 2x)x(f =      

Solution: 

22 )hx()hx(fx)x(f +=+=  

h

)x(f)hx(f
lim)x(f

0h

/ −+
=

→ h

)x()hx(
lim

22

0h

−+
=

→
 

h

hxh2
lim

2

0h

+
=

→ h

xhxh2x
lim

222

0h

−++
=

→
                   

                      
§§§ .x2hx2lim

0h
=+=

→
         

§§§§§§§§§§§§ 

 

 

Example : 2 

By derivative definition ,   find )x(f /     if . 3x2)x(f +=      

Solution: 

    
h

)x(f)hx(f
lim)x(f

0h

/ −+
=

→
 

 

2
h

h2
lim

0h
==

→
 

( ) ( )
h

3x23)hx(2
lim

0h

+−++
=

→
             . §§§ 

 
§§§§§§§§§§§§ 

 
 

Example : 3 

If 8x12x3)x(f 2 +−=       by using derivative definition  then  :  

a)   Find )2(f / − ,   )x(f /   

b)  The slope of the tangent to the curve at the point )1,3(P − . 

c)  The points at which the tangent of the curve is horizontal.    

 

H I N T  

 The slope of the tangent to the curve at a point is equal to the first derivative of the function 

at this point. 
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Solution: 

  a)            
h

)x(f)hx(f
lim)x(f

0h

/ −+
=

→

  
 

                 ( ) ( )
 

h

8x12x38)hx(12)hx(3
lim

22

0h

+−−++−+
=

→
      

    .              )12h3x6(lim
h

h12h3xh6
lim

0h

2

0h
−+=

−+
=

→→
         §§§ 

                                               

                  )12x6()x(f / −=     . §§§ 

                     2412)2(6)2(f / −=−−=−                  §§§ 

             

b)         612)3(6 )12x6( )x(f
)1,3()1,3(

/ =−=−=
−−

 

 

 

         c) Since the tangent is horizontal, then the slope equal to zero. 

i.e.  0)x(f / =      012x6 =−      2x =  and  4y −=  

 The tangent is horizontal at the point )4,2(Q − , as in the following figure  . §§§ 

§§§§§§§§§§§§ 

Example : 4 

     If x)x(f =   sketch the graph of   )x(f  and find )x(f /   . 

Solution: 

 
h

xhx
lim)x(f

0h

/ −+
=

→

          
 

        
xhx

xhx
.

h

xhx
lim

0h ++

++−+
=

→

     

                 

)xhx( h  

x)hx(
lim

0h ++

−+
=

→

                                       

x2

1

xx

1

)xhx(

1
lim

0h
=

+
=

++
=

→

                         .  §§§ 

 

§§§§§§§§§§§§ 
 
 

Example : 5 

    Prove that: x)x(f =  is not differentiable at 0x = . 

Solution: 
 

h

)0(f)h0(f
lim

0h

−+

+→ h

0h0
lim

0h

−+
=

+→

 

 

. ===
++ →→ h

1
lim

h

h
lim

0h0h

                 

Since the limit is not finite, there is no derivative at 0=x .Then, the graph has a vertical 

tangent at the origin 

§§§§§§§§§§§§ 
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Example : 6 

Prove that the function |x|)x(f =  is not differentiable at 0=x  

Solution: 

h

)0(f)h0(f
lim

0h

−+

+→

 

1
h

|h|
lim

h

|0||h0|
lim

0h0h

==
−+

=
++ →→

  

 

h

)0(f)h0(f
lim

0h

−+

−→

 

1
h

|h|
lim

h

|0||h0|
lim

0h0h

−==
−+

=
−− →→

.  

 the function |x|)x(f =  is not differentiable at 0=x  
 

§§§§§§§§§§§§ 

 

T r y   T o   S o l v e  

 (1)For the following functions find: 

a) The first derivative  /f . 

b) The equation of tangent for the curve at the point P . 

c) The point Q at which the tangent is horizontal. 

        (i) (2,4)P   ;  4-2x-x3)x(f 2=      ,     (ii).  (2,0)P  ;  4-4x-x)x(f 3=    

 

(2) For the following functions: prove that the first derivative /f  doesn't exist at the given     

      Number a    

 (a)  5a   ;  |5x|)x(f =−=     ,       (b)           2-a   ;  |5x|)x(f =+=    
 

 

§§§§§§§§§§§§ 

 
Theorem :   (4-1) 

 

 

 

 
 

 
 

. 

 

 
 

 

The function )x(f  is differentiable at a x =   if and only  if  it is continuous at a . 
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I-2  D e r i v a t i v e s   B y   R u l e s 

R U L E   : 1 

 

 

 

Ifare constants. b , m , where  m)x(f / =  , then bx m)x(f +=   
 

e.g.  

13 2         x7  2x4 +−  7x3 −  )x(f  

0   0                       7  4−  3  )x(f /  
 

R U L E  : 2      (Power  Rule) 
 

 

 

 
 
 

e.g.  

10

10

x

1
x =−  

2

2

x

1
x =−         

x

1
x 1 =−  

10x5  3x  )x(f  

11

11

x

10
x10 −=− −   

3

3

x

2
x2 −=− −                       

2

2

x

1
x −=− −  

9x50  2x3  )x(f /  

 

e.g.  

4/5

4 5
x

x

1 −=  
3/23 2 xx =  

2/1xx =  )x(f  

4 9

4/9

x 

1

4

5
x

4

5 −
=

− −  
3

3/1

x  

1

3

2
x

3

2
=−  

x  2

1
x

2

1 2/1 =−  )x(f /  

 

e.g.  

►    667
x x21x)7.3()(3xD ==         

 

►    111112
t t 60t )12.5() t(5D ==   

► 2/12/13/2 x6x)
2

3
.4()(4x

dx

d
==   

►
5

554-

r

8
r8r)4(2)r 2 (

dr

d −
=−=−= −−   

 

►   75)5(3x3)(xD 2
5x

2
5x

3
x === ==   

 

►   24)8(12x)3/4.(9)(9xD 3/1
8x

3/1
8x

4/3
x === ==  

**  Ifare constants. b , m , where  m)x(f / =  , then bx m)x(f +=   

   **  If b)x(f = , then  0)x(f / = , where b  is constant 

**  If Qn and 0x  ; x)x(f n = , then
1n/ nx)x(f −= . 

   ** If  ncx)x(f = , then  x )cn()x(f 1n/ −= . 

 

   **  If , then , where  is constant 
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I-3 H i g h e r   O r d e r   D e r i v a t i v e s 

 

 

 

 

 

 
 

 

 

 

 

Example : 7 

Find )x(f )4(  for the function 2/3x4)x(f =  

Solution: 
2/3x4)x(f =   ,  then  

►  . 2/12/1/ x6x).
2

3
.(4)x(f ==   

►. 2/12/1// x3x)
2

1
.(6)x(f −− ==    

►.   2/32/3)3( x
2

3
x)

2

1
(3)x(f −− −=−=     

►  .        2/52/5)4( x
4

9
x)

2

3
.(

2

3
)x(f −− =−−=   

 
§§§§§§§§§§ 

 

 

Theorem :   (4-2) 

let g , f are two differentiable functions, bm, , c are real numbers and n is a rational 

number then: 

 

   

 

 

 

 

The Higher order derivatives 

derivative symbols 

)x(f),...,x(f),x(f),x(f),x(f )n()4(////// **   

   ** y D  ,..., y D  , y D  , y D  , y D n
x

4
x

3
x

2
xx    

      **  )n()4(////// y,...,y,y,y,y  

**  
n

n

4

4

3

3

2

2

dx

yd
  ,..., 

dx

yd
  , 

dx

yd
  , 

dx

yd
  , 

dx

dy
 

 

)1(  (x)fD  cf(x)] c [ D xx =   
 

)2(     )x(g)x(f)x(gD)x(fD)x(g)x(fD //
xxx ==   

 

)3(   )x(f).x(g)x(g).x(f)x(g).x(fD //
x +=   

 

)4(

 
0)x(g    ;    

)x(g

)x(g).x(f)x(f).x(g

)x(g

)x(f
D

2

//

x 
−

=
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Example : 8 

Find the first derivative for the following functions: 

 (a) 4x5x2)x(f 34 −−=    ,   (b) )x8x2)(1x()x(h 23 ++=     ,  (c)    
5x4

4x2x3
)x(k

2

2

+

−−
=   . 

Solution: 

       (a) 4x5x2)x(f 34 −−=       

 

. 23 x15x8 −=  23/ x)3 . 5(x )4 . 2()x(f −=                §§  

 

       (b)   
g

2

f

3 )x8x2(  )1x()x(h ++=              

      
// f

2

g

2

g
f

3/ x3. )x8x2(8x4 .)1x()x(h  ++++=        .  

       x3).2x(x2)2x)(1x(4 23 ++++=                        

     2)x5)(2x(2)x(h 3/ ++=    .  §§ 
 

         (c)   





g

2

f

2

5x4

4x2x3
)x(k

+

−−
=                 

   


 

  

2

//

g

22

gf

2

f
g

2
/

5x4  

x8 )4x2x3(2x6  )5x4(
)x(k

+

−−−−+
=  

           
22

22
/

)5x4(

)4x2x3(x8)2x6)(5x4(2
)x(k

+

−−−−+
= .  §§§ 

§§§§§§§§§§§§ 

 

Example : 9 
Find an equation for the tangent to the curve:at the point (1, 3)      )x/2(xy +=   

Solution: 

The slope of the curve is   ).
x

1
(21

dx

dy
2

−
+=  

The slope at 1=x  is .121
x

2
1

dx

dy

1x
2

1x

−=−=






 −
−=

==

     

Then, the equation of the tangent through the point (1, 3)   with 1
1x

3y
−=

−

−
   is    1m −=    

         4xy +−=      )1x)(1(3y −−=−    

§§§§§§§§§§§§ 
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I-4  D e r i v a t i v e s  O f   A T r i g o n o m e t r i c  F u n c t i o n s 

 
Many of the phenomena we want information about are approximately periodic 

(electromagnetic fields, heart rhythms, tides, weather). The derivatives of sines and cosines play 

a key role in describing periodic changes. This section shows how to differentiate the six basic 

trigonometric functions. 

R U L E  : 3    
 

 

 

 

   

 

 

 

**  The above rules  can be proved by using derivative definition as follows :  

 
 

1)    
 

 
                      

           )hxsin()hx(f,xsin)x(f +=+=  

h

xsin)hxsin(
lim

h

)x(f)hx(f
lim)x(f

0h0h

/ −+
=

−+
=

→→

 

       
h

xsinsinh.xcoscosh.xsin
lim

0h

−+
=

→
 

h

sinh
xcoslim

h

1cosh
xsinlim

0h0h →→
+

−
=             

§§§   .xcos)1.(xcos)0.(xsin =+=                       

 
 

2)    
 

 

)hxcos()hx(f,xcos)x(f +=+=  

h

xcos)hxcos(
lim

h

)x(f)hx(f
lim)x(f

0h0h

/ −+
=

−+
=

→→

 

h

xcossinh.xsincosh.xcos
lim

0h

−−
=

→
         

                  
h

sinh
xsinlim

h

1cosh
.xcoslim

0h0h →→
−

−
=  

         .sin)1.(sin)0.(cos xxx −=−=      §§§ 

)1(    xcosxsinDx =           ,   )2(     xsinxcosDx −=  

)3(    xsecxtanD 2
x =         ,   )4(     xcscxcotD 2

x −=  

)5(    xtan.xsecxsecDx =    ,   )6(     xcot.cecxxcscDx −=  

 

  xcosxsinDx =  

  xsinxcosDx −=  
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3)    
 

 

xcos

xsin
xtan)x(f ==  

xcos

xsinxcos

xcos

)xsin.(xsinxcos.xcos
)x(f

2

22

2

/ +
=

−−
=   

§§§.  .xsec
xcos

1 2

2
==           

 
 

4)    
 

 

xsin

xcos
xcot)x(f ==  

xsin

)xsinx(cos

xsin

)x.(cosxcos)xsin.(xsin
)x(f

2

22

2

/ +−
=

−−
=   

         .xcsc
xsin

1 2

2
−=

−
=   .§§§ 

 
 

5)    
 

 

xcos

1
xsec)x(f ==  

xcos

xsin
.

xcos

1

xcos

xsin

xcos

)xsin()0.(xcos
)x(f

22

/ ==
−−

=  

§§§. xtan.xsec=          

 

 
 

6)    
 

xsin

1
xcsc)x(f ==  

xsin

xcos
.

xsin

1

xsin

xcos

xsin

)x(cos)0.(xsin
)x(f

22

/ −
=

−
=

−
=  

§§§. .xcot.xcsc−=           

 
§§§§§§§§§§§§ 

  xsecxtanD 2
x =  

  xcscxcotD 2
x −=  

  xtan.xsecxsecDx =  

   xcot.xcscxcscDx −= 
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Example : 10 

Find the first derivative /y for the following functions: 

  (a) xtan.xsecy =      ,   (b) xtanxxcot.x2y 2+=     ,    (c) 
xcos1

xsin
y

+
=    

Solution: 

(a)  as :   xtan  . xsecy =      

           xtan.xsec.xtanxsec.xsecy 2/ +=  
 

 

         xtanxsec.xsec 22 += .§§§ 

 

(b)  as :     xtanxxcot.x2y 2+=      
 

 

       ( ) ( ))x2.(xtan)x(secx)2.(xcot)xcsc.(x2y 222/ +++−=     
  

 

)xtan2)xsec.x(x)xcotxcsc.x(2y 22/ +++−=   .§§§ 
 

(c)   as :   
xcos1

xsin
y

+
=        

 

        
( )

   
xcos1

]xsin[xsin]x)[cosxcos1(
y

2

/

+

−−+
=

      

        ( )
 

xcos1

)xsinx(cos1
2

22

+

++
=  

( )2xcos1

2

+
= .§§§          { as :  1cos sin 22 =+ xx   } 

 
§§§§§§§§§§§§  

    

Example : 11 

Find the equation of normal line on the curve xtany =   at the point . )1 , 
4

(P


    

Solution: 

p
2/ mxsecy ==  

The slope of tangent: 2)2()4/(secm 22
P === . 

The slope of normal    2/1m/1m
P

−=−=
⊥

  

Then, the equation of normal is: 

       )
4

x(
2

1
1y


−−=−         1

8
x

2

1
y +


+−=   .§§§ 

 
§§§§§§§§§§§§ 
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E x e r c i s e   ( 4-1) 

 
 

(1) Use the definition of the derivative to find the first derivative for the following functions 

(a) x4x5y 2 −=                  ,      (b)          2x23)x(k −=    

  

 (2) Find the first derivative for the following functions 
 

(a)  4 34 xx5y −=               ,      (b)           )4x5x8.(x)x(k 33/2 +−=     

 

(c) 
1x4

11x6x8
)x(h

2

−

+−
=         ,      (d) 

3 2

2

x

x3x
)x(k

−
=     

 

(e) xcot).xcscx(y +=              ,      (f) 2)xcosx(siny +=     
 

 

(g) 
xtan.xsin

1
y =                      ,     (h) xtan.xxsecx3y 32 −=     

 

(i) )xcos()xsin(y −+−=            ,     (j)
xsinxtan

)xsec(1
y

+

−+
=   

 

{ Hint   :  xtan)xtan(   ,   xcos)xcos(   ,   xsin)xsin( −=−=−−=−      } 

  

(3) Find the equations of tangent and normal lines for the following curves at the pint P  

 (a)  )1,2(P   ;   
x1

5
)x(f

2
−

+
=        ,   (b)           )44 , 4(P   ;   x2-x3y 2=    

  (c)  ))
4

(f,
4

(P   ;   xsec)x(f


=       ,    (d)           ))
4

(f,
4

(P   ;   xcotxcsc)x(f


+=     

(e)  )0,0(P   ;   xcos2x)x(f +=       ,    (f)           ))
2

(f,
2

(P   ;   xsinx)x(f


+=     

 

  

(4  )Find //y for the following functions 

 (a)    xcos2x6y 4 +=      ,     (b)  x  16y
4 3=       ,   (c)                  xsecy =    

 

§§§§§§§§§§§§ 
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I-5  C h a i n   R u l e 

We know how to differentiate usin )u(fy ==   and we , but how do 4x )x(gu 2 −==   

differentiate a composite like )4x(sin ))x(g(f)x(F 2 −== ? .  

 

The differentiation formulas we have studied so far do not tell us how to calculate 

)x(f
/

So how do we find the derivative ofhain Rule, wer is, with the C? The ans gfF =  

which says that the derivative of the composite of two differentiable functions is the product of 

their derivatives evaluated at appropriate points. The Chain Rule is one of the most important 

and widely used rules of differentiation. This section describes the rule and how to use it.  

e.g.  : 

 as , then  xcos.six2x2sin =    

 )xcos.xsin .2(Dx2sin  D
gf

xx =  

        ] xcos.)x(cos)xsin( [ .xsin .2
g

fg
f //

 +−=  

( ) x2cos2xcosxsin  .2 22 =+−=        .  §§§        {  as : )xsinx(cosx2cos 22 −=  } 

Then  :  x2cos2x2sin  Dx = .  §§§   
 

§§§§§§§§§§§§ 
 

**   We can use the following note to evaluate  x2sin  Dx : 

If : )u(fusiny ==   )x(gx2u ==  ،     

 

then,    , and    gf))x(g(fx2siny ===       

  )u(fucos
du

dy
y // ===      , )x(g2

dx

du /==     ,    )x()gf(
dx

dy /=   

 

                    
// gf

xx   2   .  ucos ))x(g(fD)x2(sinD ==  

                 x2cos2=  . §§§ 

Then we noted that: 
dx

du
 . 

du

dy

dx

dy
=  which called chain method. 

 

 R U L E  : 4  (Chain rule) 
 

 

 

 

 

 

If )x(gu   ,  )u(fy ==   and  
du

dy
 

dx

du
، exist  then,   

       ( ) )x(g.)x(gf
dx

du
 . 

du

dy

dx

dy //==    
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Example : 12 

Find 
dx

dy
y / = for the following functions 

   y u=  

       (a) )ucosu(ay   ;  )usinu(ax −=−=   

      (b)  2  1u x= +   

 

Solution: 

       (a)        )ucosu(ay   ;  )usinu(ax −=−=    

Using the chain rule:   
dx

du
.

du

dy

dx

dy
y / ==     

           )ucos1(a
du

dx
−= ,    )usin1(a

du

dy
  +=     

  
)ucos1(a

1
).usin1(a

dx

du
.

du

dy
 y /

−
+==   

              
)ucos1(

)usin1(
y /

−

+
=    .  §§§ 

 

(b)    If we put :  we get  y in    1xu 2 +=     

2/122 )1x(1xuy +=+==            
1x

x
y

2

/

+
=       

Or, by using chain rule  

      )x2.(u
2

1

dx

du
.

du

dy

dx

dy 2/1








== −   

              
1x

x

u

x
y

2

/

+
==    .  §§§ 

 
§§§§§§§§§§§§ 

 

 

R U L E  : 5   
 

 

 

 

 

 

       
 

 

If Qn , )x(gu  ,  uy n ==      rational number) then  : 

uD . u n)u(D x
1nn

x
−=  

which is equivalent to the following relation: 

    )x(g  .)x(g.n)x(gD /1n n
x

−
=  
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Example : 13 

Find 
dx

dy
y / =    for the following functions : 

 (a)
32 )7x6x4(

1
y

−+
=      ,   (b) 36 5x2 .)1x3(y −+=       ,    (c) xsec.xcosy 3=    

Solution: 

 (a)         
)7x6x4(

1
y

32 −+
=      32 )7x6x4(y −−+=  

 

 )6x8.()7x6x4.(3y 42/ +−+−= −   .  §§§ 

 

 

(b)  3/16 )5x2.()1x3(y −+=           5x2 .)1x3(y 36 −+=   

 

            If   : 3/16 )5x2()x(h   ,  )1x3()x(f −=+=  
 

                3/153/26/ )5x2( .)3( .)1x3(6 )2()5x2(  
3

1
 .)1x3(y −++








−+= −   .  §§§ 

 

 (c) 2/13 )x.(sec)x(cosy =     xsec.xcosy 3=     

If   : 2/13 )x(sec)x(h   ,  )cox()x(f ==  
 

      







= − )xtan.x(sec)x(sec

2

1
)x(cosy 2/13/  

           ( ))xsin()x(cos3)x(sec 22/1 −+ .  §§§ 
 

§§§§§§§§§§§§ 

 

 

Theorem :   (4-3) 

 

 

 

 

   

 

 

 

If )x(gu =  and g is differentiable then  :  

)1(    uD.ucosusinD xx =         ,   )2(     uD.usinucosD xx −=  

)3(    uD.usecutanD x
2

x =       ,  )4(     uD.ucscucotD x
2

x −=  

)5(    uD.utan.usecusecD xx =     ,     )6(     uD.ucot.ucscucscD xx −=  
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Example : 14 

      Find tionsng funcfor the followi 
dx

dy
y / =   

 (a) )x3xsin(y 2 +=  ,    (b) )xtan(secy =        ,     (c) x3cscxcosy +=    

Solution: 

(a) ]3x2).[x3xcos(y 2/ ++=           )x3xsin(y 2 +=        .  §§§ 

 

(b) )x(sec tany =                 ]xtan.x).[secx(secsecy 2/ =  .  §§§ 
 

 

 (c) x3cscxcosy +=    
 

      Let :  2/1)x3cscx(x3cscxu +=+=      
 

 

]x3cot.x3csc.31.[)x3cscx(
2

1
uD 2/1

x −+= −
       

       







−++−= − ]x3cot.x3csc.31.[)x3cscx(

2

1
.x3cscxsiny 2/1/        .  §§§  

§§§§§§§§§§§§ 

 

Example : 15 

For the curve, find the points at which the tangent is    += 2x0    ;  xcos2x2cosy   :

horizontal 

Solution: 

)xsin(2)x2(D)x2sin( x −+−= )xcos2x2(cosDyD xx +=               

                 xsin2x2sin2 −−=        

  The tangent is horizontal if  ( 0=yDx (    

0xsinx2sin =+      0xsin2x2sin2 =−−             

( as :     )   xcos.xsin2x2sin =    

    0xsinxcos.xsin2xsinx2sin =+=+      
 

        0)1xcos2(xsin =+     

      0)1xcos2(        0xsin =+=       
 

i) When   0xsin = then the values of  x  are  2  ,   ,  0  

ii) When 0)1cos2( =+x 
2

1
xcos −=  

then the values of  x  are 
3

4
  , 

3

2 
   

                       














  2, 
3

4
,  ,  

3

2
  ,  0x   .  §§§ 

§§§§§§§§§§§§ 
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I-6  I m p l i c i t   D i f f e r e n t i a t i o n 

Most of the functions we have dealt with so far have been described by an equation of 

the form that expresses )(xfy =  explicitly in terms of the variable x . We have learned rules for 

differentiating functions defined in this way. Some situations occur when we encounter 

equations like:  0xy2 =− ,      025yx 22 =−+  , . 0xy9yx 33 =−+      

 

These equations define an implicit relation between the variables x  and y . In some cases 

we may be able to solve such an equation for y  as an explicit function (or even several 

functions) of x . When we cannot put an equation 0)y,x(F =  in the form )x(fy =  to 

differentiate it in the usual way, we may still be able to find
dx

dy
 by implicit differentiation. This 

consists of differentiating both sides of the equation with respect to x  and then solving the 

resulting equation for \y . This section describes the technique and uses it to extend the Power 

Rule for differentiation to include rational exponents. 

 

Example : 16 

Find /y for the implicit function :    1x5x4y3y 34 +=−+  

Solution: 

)5x12(y3y.y.4 2//3 +=+      
 

  )5x12(y)3y.4( 2//3 +=+  
 

 

     
)3y.4(

)5x12(
y  

/3

2
/

+

+
=   .  §§§ 

 
§§§§§§§§§§§§ 

R U L E  : 6   
 

 

 

 

 

 

       
 

 

 

If    0)y,x(f =  is an implicit function then : 

/1n
x

1nn
x ynyyD.y  n)y(D −− ==      
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Example : 17 

    Find /y for the following functions 

(a) 06x5xyxxy4 323 =+−+−       , find the slope at the point )1,1( −     ,  

(b)     ysinxy 2=   

Solution: 

 (a)   06x5xyxxy4 323 =+−+−    
 

 

       0x5)yxy.x2()yy3.x4y.4( /2/23 =−+−+     
 
 

        )5x3xy2y4(y )xxy12( 23/22 +−+−=−    
 

 

      
)xxy12(

)5x3xy2y4(
y

22

23
/

−

+−+−
=     .  §§§ 

The slope: 
11

4

)xxy12(

)5x3xy2y4(
        ym

)1,1(
22

23

(1,1)
/ =







−

+−+−
==

−

       .  §§§ 

 

(b)       /2/2 y.ycosxysin.x2y          ysinxy +==  

    ysin.x2y ycosx1 /2 =−      

    
ycosx1

ysin.x2
y 

2

/

−
=     .  §§§ 

§§§§§§§§§§§§  

Example : 18 

Find /y for the function ytanxy =  

Solution: 

   ytanxy =        /2/ y.ysecy.1y.x =+  

yy)ysecx( /2 −=−       )ysecx/(yy 2/ −−=       .  §§§ 

§§§§§§§§§§§§ 

 

Example : 19 

Find 
/y for the function 1yysinx 22 =−+  

Solution: 

   0yy2y
ysin2

1
x2 // =−+        1yysinx 22 =−+      

   













−−= y2

ysin2

1
/x2y /        x2y.y2

ysin2

1 / −=













−       .  §§§     

 

§§§§§§§§§§§§ 
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E x e r c i s e   ( 4-2) 

 (I) Find /y  for the following functions  : 
 

(1) 62 )3xx7(y ++=             ,    (2)       3 3 27x8y +=      
 

(3)   3/22 )8x9x2(y −+−=        ,    (4)       3 3 27x8y +=      
 

(5) x2secy 3=                         ,     (6)       x4tany 3=     
 

(7)         2)1x2sec(y +=        ,      (8)       xcos.x6siny =     
 

(9) 2)x3cosx3(siny +=           ,    (10)       )x2xcot(y 3 −=    
 

(11)  
xcsc1

xsec
y

2

3

+
=                ,     (12)        

5 2 9x4

3x2
y

+

+
=   

 

(13)  
x4sin1

x4cos
y

−
=                ,     (14)       3 x65tany −=    

 

(15) 2)x3cosx3(siny +=         ,     (16)       )x2xcot(y 3 −=    
 

(17) xsinxsiny +=                ,    (18)       ]x2 sex sec[y =    
 
 

(II)  Find /y for the following functions using the chain rule 

(1)  1ty   ;  
1t

1t
x 2 +=

−

+
=       ,       (2)           3ty   ;  t2x 2 +==    

(3)  2xu   ;   u3tany ==       ,       (4)           2x3u   ;  u/1y −==    

(5)  tsinby  ; t2cosax 2 ==       ,       (6)           3xu   ;  u sin uy ==    
 

  (III) Find /y for the following  implicit functions 
 

(1)     8yyx2x5 222 =++      ,    (2)      )xysin(x =    
 

(3) 1yxy3sin2 −+=              ,     (4)  0x2xy3yx4x 3224 =+−+    
 

(5)   100yx =+                ,    (6) ysecx1y 22 =+    

 (IV) Find 
//y for the following functions(if exist) 

 

(1)     xyysin =+                 ,    (2)      1yx 32 =    
 

(3) 1yx 33 =−                       ,     (4)  4y2x5 22 =−    
 

(5)   xycos =                        ,    (6) 27y3xy 2 =+    

§§§§§§§§§§§§ 
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I-7  D e r i v a t i v e s    O f    A   L o g a r i t h m i c   F u n c t i o n s 

 

In this section we will discuss the relation between the general xloga  and natural x ln  

logarithmic function and the rules of derivatives for them. 

The general logarithmic function denoted by xloga  ,where +Ra and called the general base 

of the logarithm, if  a  is equal to the natural base and called xlnxloge = we get ,   71828.2e   

natural logarithmic function . 

  

There exist different between the numerical value of them shown in the following 

algebraic relation: 

 

 

 

 

First, we will introduce the rules of differentiation for the natural exponential function 

and using the previous relation the general exponential function can be differentiate.  

 

R U L E  : 7   

 
   

  
 

 

 

 

Theorem :   (4-4) 

 
   

  
 

 

 

 

 

 

 

xln
aln

1
xloga =  

x

1
xlnDx =  

If )x(g  is differentiable then: 

 (1)  0)x(g       ;       (x)g . 
)x(g

1
)x(glnD /

x =  

(2)  0)x(g   ;    (x)g .  
)x(g

1
)x(glnD /

x =  
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Example : 20 

If )6xln()x(f 2 −=  find )x(f /  

 
Solution: 


(x)g

2
x2

)x(g

2
x

/

/

)6x(D . 
)6x(

1
)6x(lnD)x(f −

−
=−=  

      
)6x(

x2
)x2(

)6x(

1
)x(f

22

/

−
=

−
=   .  §§§ 

 
§§§§§§§§§§§§ 

Example : 21 

 

If 1xlny +=  find /y . 

Solution: 

 
 

1x
dx

d

1x

1
1xln

dx

d
y

)x(g

/ +
+

=+=   

                2/1)1x(
2

1
.

1x

1 −+
+

=  


)1x(2

1

1x

1

2

1
.

1x

1
y/

+
=

++
=  .  §§§ 

§§§§§§§§§§§§ 

Example : 22 

If )x2x54ln()x(f 3−+=  find  )x(f / . 

Solution: 

 

  
)x(g

3
x

/ )x2x54(lnD)x(f −+=  

 

         )x2x54(D
)x2x54(

1 3
x3

−+
−+

=             

 

                     )x65.(
)x2x54(

1 2

3
−

−+
=    

 

         
)x2x54(

)x65(
)x(f

3

2
/

−+

−
=   .  §§§ 

 

 
§§§§§§§§§§§§ 
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R u l e s   F o r   N a t u r a l   L o g a r i t h m i c  F u n c t i o n  
 

 

 

 

 
 
 

e.g. 
 

  )x(f                    )x(f                                   )x(f /  
                                                              Using log rule 

 

►   )5x3)(2x(ln −+       )5x3ln()2xln( −++                
)5x3(

3

)2x(

1

−
+

+
 

►  
)5x3(

)2x(
ln

−

+
              )5x3ln()2xln( −−+                 

)5x3(

3

)2x(

1

−
−

+
 

►  52 )2xln( +             )2xln(5 2 +                             x2.
)2x(

1
.5

2 +
 

►  )2x(ln +             )2xln(
2

1
+                              

)2x(

1
.

2

1

+
 

§§§§§§§§§§§§ 

 

Example : 23 

If  3)5x4(1x6ln)x(f +−=  find )x(f / . 

Solution: 
 

 32/1 )5x4.()1x6(ln)x(f +−= )5x4ln(3)1x6ln(
2

1
++−=  

            4.
)5x4(

1
.36.

)1x6(

1
.

2

1
)x(f /

+
+

−
=  

 

                      
)5x4(

12

)1x6(

3

+
+

−
=   .  §§§ 

§§§§§§§§§§§§ 
 

Example : 24 

If 3
2

2

1x

1x
lny

+

−
=  find 

dx

dy
. 

Solution: 

    














+

−
=















+

−
=

1x

1x
ln

3

1

1x

1x
lny

2

2
3/1

2

2

( ))1xln()1xln(
3

1 22 +−−=  

 

     














+
−

−
= x2.

)1x(

1
x2.

)1x(

1

3

1

dx

dy
22 














+
−

−
=

)1x(

1
.

)1x(

1

3

x2
22 )1x(3

x4
4 −

= .  §§§ 

 
§§§§§§§§§§§§ 

If 0q  ,  0p   then :   

    (1) qlnplnpqln +=    ,   (2)  qlnpln
q

p
ln −=    ,  (3)  plnrpln r =  
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Example : 25 

If  
1x2

)4x5(
y

3

+

−
=  find yDx . 

Solution: 
 

     Take the natural logarithm for both sides:  

)1x2ln(
2

1
)4x5ln(3

1x2

)4x5(
lnyln

3

+−−=
+

−
=  

     Differentiate the both sides: 

2.
)1x2(

1
.

2

1
5.

)4x5(

1
3y

y

1 /

+
−

−
=    

           








+
−

−
=

)1x2(

1
.

)4x5(

15
  yy /           

         








+
−

−













+

−
==

)1x2(

1

)4x5(

15
.

1x2

)4x5(
yyD

3
/

x     .  §§§ 

 

 
Theorem :   (4-5) 

 

 

 

 

 

 
 

Example : 26 

If 3 2)5x2(log)x(f +=  find )x(f /  

Solution: 

    

 3 2)5x2(log)x(f +=   




 += 3 2)5x2(  ln

10ln

1
 

 

          3/2)5x2(ln
10ln

1
+=









+= )5x2(ln

3

2

10ln

1  

 

       








+== )5x2(ln

3

2
D.

10ln

1
)x(fD)x(f xx

/      

 

                   









+
=

)5x2(

2
.

3

2
.

10ln

1     








+
=

)5x2(3

4
..

10ln

1 .  §§§ 

 
§§§§§§§§§§§§ 

(1)    xlnD
aln

1

aln

xln
DxlogD xxax =








=  

 

(2)   )x(flnD
aln

1

aln

)x(fln
D)x(flogD xxax =








=  
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Example : 27 

If 
3x2

4x6
log)x(f 5

−

+
=   find )x(f /   

Solution: 

 
3x2

4x6
log)x(f 5

−

+
=    ( )3x2ln4x6ln

5ln

1
−−+=  

 

        









−
−

+
=

)3x2(

2

)4x6(

6

5ln

1
)x(f /   .  §§§ 

 
§§§§§§§§§§§§ 

 

I-8  D e r i v a t i v e s    O f    E x p o n e n t i a l   F u n c t i o n s 

Theorem :   (4-6) 

 

 

 

 

 

e.g. 

►  x5eln x5 =     ,   ►  1x2e ln 1x2 +=+    ,     ►  3xlnxln3 xee
3
==   .              

 
R u l e s   O f   N a t u r a l   P o w e r  

 

 

 

 

 

 

 
 

First we will introduce the rules of differentiation of the natural exponential function ( xe ). 

 
Theorem :   (4-7) 

     

 

 
 

Theorem :   (4-8) 

 

 

 
 

(1)  R   x     ;   )x(feln )x(f =  

(2)  R   x     ;   )x(fe )x(fln =  

(3)  1eln =  
 

If  q  ,  p  are real numbers and r   is rational number : 

  (i)    qpqp eee +=     ,    (ii)  qp

q

p

e
e

e −=     ,  (iii)  prrp e)e( =   

   
 

xx
x eeD =  

If )x(f  is differentiable then: (x)f . e)e(D /)x(f)x(f
x =  
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Example : 28 

  If  1x2
ey +=    find. /y    

Solution: 

  )x(f

2/121x1x/

/

2

)x(f

2
)1x(

dx

d
ee 

dx

d

dx

dy
y +=== ++                           

   )x(f

2/121x

/

2
x2.)1x(

2

1
 . e −+ +=        

                
1x

ex 

1x

x
 . e

2

1x

2

1x

2
2

+
=

+
=

+
+   .  §§§ 

§§§§§§§§§§§§ 

Example : 29 

If xx eey +=  find. /y    
Solution: 

 

     xx eey +=  2/1xx )e(e
2/1
+=    

    )e(D .)e(
2

1
)x(D .ey x

x
2/1x2/1

x
x/ 2/1 −+=  

        )1.e.()e(
2

1
x

2

1
.e x2/1x2/1x 2/1 −− +=          

                 
x

x

e
2

1

x2

e
+=   .  §§§ 

 
§§§§§§§§§§§§ 

Example : 30 

If 
x5sinlney =  find. /y    

Solution: 

 x5sinlney =    x5cos5y / =           x5siny =        .  §§§ 
 

§§§§§§§§§§§§ 

 

Example : 31 

  If )eln(cscy x3=  find. /y    
Solution: 

  )eln(csc  y x3=           )e(cscD. 
)e(csc

1
y x3

xx3

/ =  

     )3.e.ecot.ecsc(. 
)e(csc

1
y x3x3x3

x3

/ −=  x3x3 ecote3−=  .  §§§ 

 
§§§§§§§§§§§§ 
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G e n e r a l   E x p o n e n t i a l   F u n c t i o n   ( xa ) 
 
 

 

 
 

 
 

R u l e s   O f   G e n e r a l   E x p o n e n t i a l   F u n c t i o n 
 

 

 

 

 

 

 

 
Theorem :   (4-9) 

 

 

 
 

 

 
 

 

Example : 32 

If   1x102 2
10 )1x(y +++=     find   /y  

Solution: 

1x102 2
10                    )1x(y +++=                       

             

            

    
10ln).x2.(10          )x2.()1x.(10y 1x92/ 2+++=   .  §§§ 

 
§§§§§§§§§§§§ 

 

 

 

 

 

 

 

 

 

Rx   ,   0a     ;   ea alnxx =  

If 0b  ,  0a   and v  ,  u  real numbers then: 

(1)  vuvu aaa +=      , (2)  v.uvu a)a( =   ,  (3)  ( ) uuu
baab =  

(4)  vu

v

u

a
a

a −=          ,  (5)  
u

uu

b

a

b

a
=







  

 

(1)  alnaaD xx
x =  

(2)  aln).x(f.aaD /)x(f)x(f
x =  
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D i f f e r e n t i a t e   F u n c t i o n  O f   T h e   F o r m  

 
We will apply the following steps: 

1- Take natural logarithm for both sides of the equation:    

  )x(g
)x(flnyln =     )x(fln).x(gyln =  

 

2- Differentiate the both sides: 

    
    

  )x(fln).x(gDylnD xx =  

        







+= )x(g).x(f.

)x(f

1
)x(fln).x(gy.

y

1 ///   

 

3- Multiply the both sides of the equation by y and replace it from the question:  

  







+= )x(g).x(f.

)x(f

1
)x(fln).x(g yy ///  

               







+= )x(g).x(f.

)x(f

1
)x(fln).x(g .)x(fy //g(x)/   

 
Example : 33 

If x)x2(cosy =  find.
/y   

Solution: 

Take ( ln ) for both sides 

 x)x2(coslnyln =       
vu

x2cosln  .  xyln =  

        
   vu

v

u

/ x2cosln  .  1  )x2sin2(
cos2x

1
  .   x y.

y

1

/
/

+−=   

       x2coslnx2tanx2.yy / +−=   

 

      ( )  x2coslnx2tanx2.x2cosy
x/ +−=  .  §§§ 

 
§§§§§§§§§§§§ 

 

 

 

 

 

 

 

 

 

  )x(g
)x(fy =  
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E x e r c i s e   ( 4-3) 

 

(I) Find )x(f / for the following functions: 
 

 (1)      xlnxln)x(f +=   ,   (2)      
x

1
ln

xln

1
)x(f +=   

 (3)      
2

2

)4x9(

1x
ln)x(f

−

+
=    ,   (4)   

2

2

x4

x4
ln)x(f

−

+
=   

(5)      
3

2

x52

x1
log)x(f

5
−

−
=    ,   (6)   xlnlog)x(f 3=   

  

 

(II) Find )x(f / for the following functions: 
 

(1)      xecosln)x(f −=    ,   (2)      x3cos8)x(f x3−=   

(3)      )1x3tan(eln)x(f +=    ,   (4)   )e/1(e)x(f xx/1 +=   

(5)      )e(sec)x(f x42 −=    ,   (6)   xlnxe)x(f =   

(7)      x3x3 ee)x(f −+=    ,   (8)   5x3 )x3(5)x(f +=   

(9)      x25 3csc)x(f −=    ,   (10)  )8/(sin1)x(f x22 −=   

  
 

(III) Find /y for the following functions:  
 

 

(1)      xcos)x(siny =    ,   (2)   10xx )1010(y −+=   

(3)      xe exy +=     ,   (4)   xsin2
2y =   

(5)      x22 )1x(y +=    ,   (6)   xtanxy =   

§§§§§§§§§§§§ 
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II- D E R I V A T I V E S   A P P L I C A T I O N S       

II-1  M a x i m u m   A n d    M i n i m u m  V a l u e s   O f   A  F u n c t i o n s  

                In many applications, it is useful to determine where a function takes its maximum 

and minimum values. 

                A function f has local maximum (or relative maximum) at  

 if there is an interval around  on which  for all  in that interval, see 

Figure .     A function f has local minimum (or relative minimum) at  if there is an 

interval around  on which  for all  in that interval, see Figure 

 

 

 

 Theorem :   (4-9)    (The Extreme Value Theorem)  

         If a function  f  is continuous on closed interval [a, b], then f contains its absolute 

maximum and absolute minimum at some points in [a, b]. 

 

Definition :  (4.2) 

         A critical number of a function f  is a number c in the domain of f  such that either 

0)c(f / =  or )c(f /   does not exist. 

 

Theorem :   (4-10) 

           If   f   has local maximum or minimum at number cx = , then 0)c(f / =  or )c(f /   does 

not exist. 
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Show local extrema of  a function 

 

The Closed Interval Method 

 Guidelines for finding the extrema of continuous function  

1. Find all critical of  , i.e. the points at which either  or   

does not exist. 

2. Calculate for each critical number  found in step 1. 

3. Calculate the endpoints values  

4. The absolute maximum and minimum values calculated in step 2 &3. 

Example : 34 

Find the absolute maximum and absolute minimum of the function  

  on    

Solution: 

Since  is continuous on R. We can use closed interval method      

   

Since  exist for all , the only critical numbers of  occur when 

. Of these, only  lies in the 

interval    . Compute  at   and at the endpoints   and  

 

Then the absolute maximum of  on interval  is  and the absolute 

minimum is .§§§ 

§§§§§§§§§§§§ 
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II-2   I n c r e a s i n g   A n d   D e c r e a s i n g   F u n c t i o n s 

 Definition :  (4.3) 

 The Increasing and Decreasing Test (I/D test) 

       

 

 

 

 

 

 

Increasing and decreasing function 

 

Example : 35 

     Find where the function  is increasing and where is decreasing. 

Solution: 

        Applying the (I/D test), we have   

                  

                       =    

Then       at     

The following table shows exactly the increasing and decreasing intervals of the given function 

intervals     

Sing   -ve + ve  -ve +ve 

 decreasing Increasing  decreasing increasing 

 

§§§§§§§§§§§§ 

Let  be continuous and differentiable on   
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Definition :  (4.43)    (The First Derivative Test) 

         

 

 

 

 

 

 

Example : 36 

       Finding Local Extrema of the function 

                         

Solution: 

       Applying the (I/D test), we have   

               

                           =  

       Then       at   

The following table shows exactly the increasing, decreasing intervals of the given function and 

local extrema points. 

intervals    

Sing  +ve -ve +ve 

 increasing decreasing increasing 

 

 Then  is local maximum and  is local minimum. §§§ 

§§§§§§§§§§§§ 

 

C u r v e   S k e t c h i n g 

             Some particular aspects of curve sketching, domains, range, symmetry, limits, 

continuity, extreme values, I/D test, and first derivative test. In this section, we put all this 

information together to sketch graphs that reveal the important features of the function. 

 

 

 

 

 

    Let  be continuous and  is critical number of  . 

**  If  changes from positive to negative, then  has a local maximum at    

**  If  changes from negative to positive, then  has a local minimum at    

**  If  does not change sign at , then  has no local extrema at         
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Example : 37 

          If  find its local extrema of  and sketch its graph 

Solution: 

   Step1: find all Critical numbers of  

    We have   

So  if does not exist when    

Thus the critical numbers are   §§§ 

 

Step 2: Apply the first derivative test that is  

intervals    

Sing   +ve +ve -ve 

         increasing increasing decreasing 

 

the first derivative test implies that   has local maximum at , and does not has any 

extrema at  §§§ 

Step3:   Sketch the graph  

i. Find the  intercepts of the function, i.e. the points at which 0y =  

            

ii. Plot the points corresponding to critical numbers   

That the graph has a vertical tangent at   §§§ 

§§§§§§§§§§§§ 
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E x e r c i s e   ( 4-4) 

 

 

I. Find the absolute maximum and absolute minimum if they exist of the following functions 

1.  

2.  

3.  

 
§§§§§§§§§§§§ 
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CHAPTER 5 

 
 

 

 

 
 In this chapter, we will retrieve the definition of inverse trigonometric functions, 

which have already been studied in the trigonometry course, and then introduce the derivative 

and integral laws of these functions, which help in the study of some physical applications such 

as determining the angle of fall of light on the surface and study the rate of change in the angle 

of fall and Effect on light intensity.  

 Also , a definition  hyperbolic functions, which has a  behavior very similar to 

trigonometric functions , BUT ,different from them as  they can not be represented on a triangle 

but study for their important applications in physical and engineering applications such as 

determining the velocity of an object in a resistive medium such as water or air 

I   I N V E R S E   T R I G O N O M E T R I C   F U N C T I O N S    

I-1  I n v e r s e   T r i g o n o m e t r i c   F u n c t i o n s    O v e r vi e w  

Trigonometric functions are not one to one functions, so inverse functions can not be found, but by 

putting some limitations on the domain  of these functions  we can then define the inverse of 

these functions, and also study  the laws of differentiation and integration of the inverse 

trigonometric functions. 

 

Definition : (5.1) ( inverse sine ) 

The inverse sine function is denoted by   xsin 1−  or   ,  

( xarcsin ) and it is defined by  :  

siny    x    xsiny 1 == − 2/y2/   ,   1x1 −−  

 
 

N O T E  

   **  the inverse sine function  
xsin

1
xsin 1 −  , while 

xsin

1
)x(sin 1 =−    ,  but   the    function 

xsin 2−  can be written 
22

2

)x(sin

1

xsin

1
)x(sin ==−  . 

  

Similarly ,  all inverse trigonometric  functions where the exponent for  is reserved only )  ( 1−  

the use of inverse trigonometric function. 

INVERSE   TRIGONOMETRIC   AND  

INVERSE HYPERBOLIC FUNCTIONS 
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**   Inverse  sine function    
1sin− ,   also symbolized  , meaning that sin arc   

      we can use xsin arc    instead of. xsin 1−     

   ** ) )2/1 is the angle that has sin ( y phrase reads that  his t (  )2/1(siny 1−=    

     that is the angle )6/( ) 

 

The Properties of  ( 
1sin− ) 

 

 

 

 

 
 

 

All inverse trigonometric functions has the same futures and same properties like
1sin−  

which can be summarized as follows :  
 

 

Definition : (5.2) ( inverse cosine ) 

      The inverse cosine  function   denoted by  1cos− (arcos)  

 and it  is defined by   : 

     yosc    x    xcosy 1 == −        

 , − y0    nda   1x1  

The Properties of  (
1cos− ) 

 

 

 

 

 

 

Definition : (5.3) ( inverse tan ) 

       The inverse tangent function denoted by 1tan− , 

And it  is defined by : 

   ytan    x    xtany 1 == −     ,  
2/y/2      nda     Rx −  

 

The Properties of  (
1tan− ) 

 
 

 
 

 

 

(i)   1x1  ;   x  )xsin(sin 1 −=−   

(ii)  ( ) 2/x2/   ;   x   xsinsin 1 −=−  

 

(i)   1x1       ;   x   )xcos(cos 1 −=−   

(ii)  ( ) =− x0       ;   x   xcoscos 1  

 

(i)   R  x       ;   x   )xtan(tan 1 =−   

(ii)  ( ) 2/x/2       ;   x   xtantan 1 −=−  
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I-2  D e r i v a t i v e s   R u l e s  Of   I n v e r s e   T r i g o n o m e t r i c   F u n c t i o n s 

 

 In this section we will focus on the study of the differentiation and integration of 

inverse triangular functions (
1111 sectan,cos,sin −−−− ,…). This derivative rules are given in 

the following list:   

 

 

Derivative  Rules   For  Inverse Trigonometric  Functions  ) 

 

 

 

 
 
 

 
 

 

 

                   

 

 

 

 

 

 

 

 

 

Illustrative examples  

   )x(f              )x(f /  
 

*       
u

1   x3  sin−      
2

x
2 )x3(1

3
     )x3(D

)x3(1

1

−

=

−

 

*       
u

1   xnl  cos−            
2

x
2 )x(ln1x

3
)x(lnD

)x(ln1

1

−

−=

−

−  

*       
u

2x1   e  tan−      
x4

x2
x2

x2x2 e1

e2
)e(D

)e(1

1

+
=

+
 

*       
u

21   x  sec−      
1xx

2
)x(D

1)x(x

1

4

2
x

222 −

=

−

 

 
§§§§§§§§§§§§ 

 

 

 

If  )x(gu =  is a differentiable function  , then  

  (1)    uD

u1

1
u   insD x

2

1-
x

−

=   

  (2)  uD

u1

1
u   cosD x

2

1-
x

−

−=     

   (3) uD
u1

1
u   tanD x2

1-
x

+
=     

   (4)   uD

1uu

1
u   secD x

2

1-
x

−

=   
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x1tan)x(tany
−

=  

Example : 1 

     Find the first derivative /y  for each of the following functions:  

      (a) x2sintany 1−=            ,     (b)  x31 ecoscosy −=   . 

      (c) xcos)x(cos)xcos(y 111 −−− ++=     ,     (d) x1tan)x(tany
−

=  . 

Solution:      

  (a) If  :    x2sintany 1−=         
u

1 x2sintany −=  

   )x2(sinD .
)x2(sin1

1
y x2

/

+
=     

    x2cos2 .
)x2(sin1

1
y

2

/

+
=  

2)x2(sin1

x2cos2

+
=  .§§§ 

 
 

(b) If  :          x31 ecoscosy −=     x3ey =      

   

    x3/ e3y =    . §§§ 

 

(c) If  :  xcos)x(cos)xcos(y 111 −−− ++=  

    )xsin.()x(cos)x).(xsin(y 221/ −−+−−= −−−   
xcos1

1

2−

+        

         
xcos1

1

xcos

xsin
)xsin(

x

1

22

1

2
−

−







+








= −          

          
xcos1

1
xsec.xtan

x

)xsin(

22

1

−
−+=

−

    . §§§ 

 

 

(d) If  : 

      
 
         

By taking a logarithm for both sides of the equation we find that  

 
vu

1 )xtan ln (. )x(tanyln −=                                              ( Hint: .v.uv.u)v.u(D //
x += ) 

Differentiate the two sides of the equation as a multiplication of two functions      


  


v

/u

2

/v

2

u

1/ )xln(tan.
x1

1
xsec.

xtan

1
.xtany

y

1









+
+








= −  

           ( )














+
+= −

−

2

2
1

y

x1tan/

x1

)xln(tan

xtan

xsec
.xtan.xtany 

 . §§§ 

§§§§§§§§§§§§ 
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E x e r c i s e  (5-1)  

Inverse Trigonometric Functions 

I-  Find  /y  for all the following functions : 

             (1)  22 xsecarcxy =                 ,   (2)  )x1(siny 21 −= −    

             (3)  )x1(siny 21 −= −          ,   (4)  21 )xtanx(tany −+=  

             (5)  x2tantany 1−=             ,   (6)  )x(tantany 11 −−=    

             (7)  xlog10y x=                    ,   (8)   
2

1

x1

xtan
y

+
=

−

 

             (9)  )3xarcsin(3y =                 ,   (10)  x4x4 esecarcey =    

 

             (11) 1xsecy 21 −= −                  ,   (12)  21 )x3cos1(y −+=    

             (13) x5secxy 12 −=            ,   (14)  )x2)(sinx2(siny 1−=  

§§§§§§§§§§§§ 
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II.   H y p e r b o l i c   F u n c t i o n s 

 

 The two expressions 
2

ee xx −−
 , 

2

ee xx −+
 used in the sense of differentiation and 

integration have the same characteristics of the two trigonometric functions  xsin   , xcos   

respectively , and were named hyperbolic  sine  function and hyperbolic  cosine    function for 

x . 

 
 

Definition : (5.4) 

   Hyperbolic sine function of variable x  is denoted by and the ) shx   (or for simplicity xsinh   

hyperbolic cosine function of variable x  is denoted byand ) chx (or for simplicity  xcosh   

defined by :  

             
2

ee
xsinh

xx −−
=     ,     

2

ee
xcosh

xx −+
=    ,    Rx   

 

 In  similar , way we can represent the other hyperbolic  function of behavior between 

trigonometric and hyperbolic functions has helped us to define the remaining ratios of 

hyperbolic functions as follows 

  

II-1  H y p e r b o l i c   F u n c t i o n s   R e p r e s e n t a t i o n  

 
 

 
  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                      

 

 

(1)  
xx

xx

ee

ee

xcosh

xsinh
xtanh

−

−

+

−
==                        

 (2) 
xx

xx

ee

ee

xsinh

xcosh
xcoth

−

−

−

+
==     ,    0x     

  (3) 
xx ee

2

xcosh

1
xch se

−+
==                              

  (4) 
xx ee

2

xsinh

1
xch cs

−−
==   ,    0x       
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                              xy sinh=                                                       xy cosh=  

 

 

 

 

 

                      

                          

                                           xy tanh=                                             xy coth=                

                                                                             

 

 

 

 

 

                       

                   

                   xhy sec=                           xhy csc=  

By using the definitions of hyperbolic functions , we can easily define  the conclusion of 

hyperbolic function relationships in the following theory: 

 

H y p e r b o l i c   F u n c t i o n s    I d e n t i t i e s 

 
 

 

 

 

II-2  Derivative Rules For Hyperbolic Functions  
 
 
 
 

 

      
 

                    

 

 

 

 
 

(i) xhsecxtanh1 22 =−  ,  (ii) 1xsinhxcosh 22 =−     ,  (iii) xhcsc1xcoth 22 =−   
 

If  )x(gu = is a differentiable function , then  

    (1) uD . u coshu sinhD xx =        
   (2)  uD .  usinhu coshD xx =         

   (3)  uD .  uchseu tanhD x
2

x =       

   (4)  uD .  uchcsu cothD x
2

x −=        
   (5) uD .u   tanh . uch seuch seD xx −=        

   (6)  uD .u  coth  . uch csuch csD xx −=        
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Example : 2 

     Find /y  for each of the following functions:  

      (a) )1xcosh(y 2 +=          ,   (b)  x5ch sey =            ,   (c)   xanh t xy =   
Solution :  

(a)  If   :       )1xcosh(y 2 +=  

§§§. )1x( sinhx2 2 +=  )1x(D  )1x(  sinhy 2
x

u

2/ ++=          

 

 

(b)  If   :      x5ch sey = .   →    2/1)x5ch se(y =  

 )]x5(D5x   tanh . x 5 ch se.[)x5ch se(
2

1
y x

u

2/1/ −= −  

     5x tanh . |5xch se| . 
|x5ch se| 2

 5
−= 5x tanh . |x5ch se| . 

2

 5
−=    .§§§ . 

  

 

 (c)  If   :       xanh t xy =      →      
gf

 xanh t     x y =  

  Using a differential obtained by multiplying two functions: 

        
   


  

g

2/1

/f

/g

x
2

f

/ xtanh.
 x 2

1
) x (D . x hsec. x y









+=   

     xtanh.
x2

1

x2

1
.xchse.x 2









+








=  

     xtanh.
x2

1
xchse

2

1 2 +=      .§§§ 

§§§§§§§§§§§§ 

 

 

 

§§§§§§  Try by  yourself §§§§§§ 

 I- Find ly  for the following functions    

 (1)  )xch cs(tany 1−=   ,   (2)   x3tanhlny =   ,  (3)   xln  cothy =    

  

§§§§§§§§§§§§ 
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III-3  I n v e r s e   H y p e r b o l i c   F u n c t i o n s    
 

 The hyperbolic function xsinh  is a continuous and increasing  function of all values of 

 continuous and increasing . Therefore, there is an inverse function of this function that is  x

symbolized by xsinh 1−
  .Since the function , from this we xe can be expressed as  xsinh  

should expect that the inverse function xsinh 1−  can be expressed as xln  an inverse function of 

relations  as shown in the following  xe   

 

 

III-1   I n v e r s e   H y p e r b o l i c   F u n c t i o n s   R e p r e s e n t a t i o n 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

III-2  Derivative Rules For Inverse Hyperbolic  Functions  

 
             

 
 
 
 
 
 
 
 
 

 

 

 

 

 

(1) )1xxln(x sinh 21 ++=−      

(2) )1xxln(x cosh 21 −+=−   ,  1x       

(3) 
x1

x1
ln

2

1
x tanh 1

−

+
=−       ,  1x        

(4) 
x

x1x
lnx chse

2
1 −+

=−    , 1x0      

 

If  )x(gu =  is a differentiable function , then 

(1) uD . 

1u

1
u sinhD x

2

1
x

+

=−      

(2)   uD . 

1u

1
u coshD x

2

1
x

−

=−   ,  1u            

(3) uD .  
u1

1
u tanhD x2

1
x

−
=−        ,  1u    

(4)  uD .  

u1u

1
u echsD x

2

1-
x

−

−
=     ,  1u0      
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Example : 3 

      Find  /y  for each of the following functions : 

       (a) )x(tansinhy 1−=      ,   (b)  )x(chsey 21−=     

Solution :  

      (a)   If  :       )x(tansinhy 1−=  


u

1 )x(tansinhy −=       )x(tanD

1)x(tan

1
y x

2

/

+

=   

xsec.

xsec

1
y 2

2

/ = xsecxsec.
xsec

1 2
== .§§§ 

 

 

      (b)   If  :       )x(chsey 21−=  

             
u

21 )x(chsey −=        )x(D

)x(1x

1
y 2

x
222

/

−

−
=   

      §§§.   
4x1x

2

−

−
=

42

/

x1x

x2
y

−

−
=         

 
§§§§§§§§§§§§ 

 

§§§§§§  Try by yourself 

I-  Find ly  for the following functions   

 (1)  )
x

1
(sinhxy 1−=    ,   (2)   

21xchse

1
y

−
=    

(3)   x4coshlny 1−=     ,   (4)   x3sintanhy 1−=    

§§§§§§§§§§§§ 
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E x e r c i s e  (5-2)  

Hyperbolic  and inverse hyperbolic  

 

I- Find ly  for the following functions   

 

             (1) x5sinhy 1−=                 ,   (2) x1chsey 1 −= −    

             (3) 31 xtanhy −=                ,   (4) 11 )xchse(y −−=  

             (5) )x(tanhtanhy 31−=            ,   (6) )x(tancoshy 1−=    

 
§§§§§§§§§§§§ 
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CHAPTER 6 

 
 

 
 

 

 

 

 

I-   I N T E G R A L S 

One of the great achievements of classical geometry was to obtain formulas for the areas 

and volumes of triangles, spheres, and cones. The method we develop, called integration, is a 

tool for calculating much more than areas and volumes. The integral has many applications in 

statistics, economics, the sciences, and engineering. The idea behind integration is that we can 

effectively compute many quantities by breaking them into small pieces, and then summing the 

contributions from each small part. We develop the theory of the integral in the setting of area, 

where it most clearly reveals its nature. 

 

Definition :   (6.1)  

 

 

 

 

 

 

We shall also call F(x) an anti-derivative of f(x). The process of finding F or F(x), is 

called anti-differentiation. 

 

e.g. :    
2x)x(F =    is an anti-derivative of x2)x(f = ,  because  ).x(fx2)x(

dx

d
)x(F 2/ ===  there 

are many other derivative of 2x, such as 22 +x ,    
3

5
x 2 − and 3x2 + . In general if C is any 

constant, then Cx +2 is an anti-derivative of  2x   as  :  .x20x2)Cx(
dx

d 2 =+=+  

 

 
 

 

I N T E G R A L S   A N D   

I N T E G R A L S  A P P L I C A T I O N S 

 

 

  

     A function F is an Anti-derivative of the function of the function  f on an interval I  

if  )()(/ xfxF =  for every x in I. 
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I-1   I N D E F I N I T E   I N T E G R A L S  

Definition :   (6.2)  

The notation C)x(Fdx)x(f += where )x(f)x(F/ = and C is an arbitrary constant, 

denotes the family of all anti-derivative of )x(f on an interval I. 

e.g. : 
 

► Cx
5

1
dxx 54 +=           because    45 x)x

5

1
(

dx

d
= . §§§ 

► Ct
2

1
dtt 23 +

−
=

−−        because    32 t)t
2

1
(

dx

d −− =
−

. §§§ 

► Cusinuducos +=        because   ucos)u(sin
du

d
= . §§§ 

 

Indefinite Integrals Forms 

 

Derivative 

))x(f(
dx

d  

Indefinite integral 

 += C)x(fdx))x(f(
dx

d  

xcotecxcos)ecxcos(
dx

d

xtanxsec)x(sec
dx

d

xeccos)xcot(
dx

d

xsec)x(tan
dx

d

xsin)xcos(
dx

d

xcos)x(sin
dx

d

)1r(;x)
1r

x
(

dx

d

1)x(
dx

d

2

2

r
1r

=−

=

=−

=

−=−

=

−=
+

=

+

 

 

 +== Cxdxdx 1  
 

1r ;   C
1r

x
dx x

1r
r −+

+
=

+

 

 

Cxsindx xcos +=  
 

Cxcosdx xsin +−=  
 

Cxtandx xsec2 +=  
 

Cxcotdx xcsc2 +−=  

 

Cxsecdx tanx xsec +=  
 

Cxcscdxcot x  xcsc +−=  

 
 

e.g. : 

►  +== C
9

x
dxxdxx.x

9
853  . §§§      ,     ►   +−==

−
− C

2

x
dxxdx

x

1 2
3

3
 . §§§   

►  +−==
−

− C
2

x
dxxdx

x

1 2
3

3
. §§§       ,    ►   +== Cx

5

3
dxxdxx 3

5

3

2

3 2 . §§§ 

►   +−=== Cxcosxdxsindx
xcos

xsin
xcosdx

xsin

xtan  . §§§ 

§§§§§§§§§§§§ 
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Theorem :   (6-1) 
 

 

 

 

 

 
 

e.g.      

        If 2x)x(f =   

        *  If we first integrate 2x and then integrate, 2x)x(f =  

  +== Cxxdx2dx)x(
dx

d 22 . §§§ 

           **  If we first integrate 2x  and then differentiate,  

 =+= 2
3

2 x)C
3

x
(

dx

d
)dx)x((

dx

d
. §§§ 

§§§§§§§§§§§§  
 

I-2  R u l e s  O f   I n d e f  i n i t e  I n t e g r a l s 

 

The next theorem is useful for evaluating many types of the indefinite integrals. 

In the statements, we assume that )(xf and )(xg have anti-derivatives on an interval I. 

Theorem :   (6-2) 

 

 

 

 

 

 

 
 

 

 

 
 

e.g. : 

►   +−== Cxcos3xdxsin3xdxsin3 . §§§ 

►   +== Cxtanexdxsecexdxsece 22   . §§§  

§§§§§§§§§§§§ 

 

 

 
 

1)   = )x(fdx))x(f((
dx

d   2)  ,      += C)x(fdx))x(f(
dx

d
   

1)  . k  constant  for any nonzero    = dx)x(fkdx)x(kf    

2)    = dx)x(gdx)x(fdx)]x(g)x(f[  

3)   +
+

=
+

C
1n

))x(f(
dx)x(f))x(f(

1n
/n      ,   1n −  

4)    = dx)x(gdx)x(fdx)]x(g)x(f[      ,   1n −  
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Example : 1  

Evaluate each of the following integrals :  

►    +++=+ Cxsin2x
4

5
xdxcos2dxx5dx)xcos2x5( 433 . 

►  −++ dx)xeccosxcos
x

1
x( 2    

 −++= dxxeccosdxxcosdx
x

1
dxx 2                             

 §§§ . Cxcotxsinx2x
3

2
2

1

2

3

++++=                             

§§§§§§§§§§§§ 

► .  ++−=+− Cxsec2xsin3xdx)xtanxsec2xcos3
x2

1
(   

►  +
−

+−=+−
−

C
2

t
t

3

2
.6t

4

8
dx)

t

1
t6t8(

2
2

3

4

3

3     

§§§ . C
t2

1
t4t2

2
2

3

4 +−−=                                              

§§§§§§§§§§§§  
Example : 2  

Evaluate each of the following integrals :  

►  ++=+ .C)1x(
3

2
dx))x2.(1x( 2

3

22  

►   +=
+

−

xdxcosxsin2.)xsin1(dx
xsin1

x2sin
2

1

2

2
  

§§§ . Cx ++= 2sin12                                             
 

§§§§§§§§§§§§ 
Example : 3  

Evaluate each of the following integrals :  

►  C
x

1
x2x

3

1 3 +−−=    +−=
+−

=
− − dx)x2x(dx

x

1x2x
dx

x

)1x( 22

2

24

2

22

  . 

► .Cusecduutanusecdu
ucotucos

1
+= =    

 
Example : 4  

Evaluate each of the following integrals :  

► .Cxsin2dx
x2

1
.xcos2dx

x

xcos
+= =  

  ►§§§ . C)xsec(
2

1
xdx2.)xtan()xsec(

2

1
dx)xtan()xsec(x 22222 += =   

 
§§§§§§§§§§§§ 
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Example : 5 

 

Evaluate the integral :    += dx9xxI 32  

Solution : 

Use suitable substitution  for the given integral as : 

Put     9xu 3 +=   then    ,dxx3du 2=   

Hence: 

 ++=+==+ CxCuduudxxx 2

3

32

3

32 )9(
9

2

3

2
.

3

1

3

1
9 . §§§ 

§§§§§§§§§§§§ 
 

 R E M E M B E R  

Some of  trigonometric relations play an important role in calculation of the integration 

process of  squares trigonometric functions as :  

 

 

 

 

Example : 6  

Evaluate each of the following integrals :  

►  +−=−= Cx2sin
4

1
x

2

1
dx)x2cos1(

2

1
xdxsin2 . §§§ 

►  ++=+= Cx2sin
4

1
x

2

1
dx)x2cos1(

2

1
xdxcos 2 . §§§ 

►  +−=−= Cxxtandx)1x(secxdxtan 22 . §§§ 
 

►  +−−=−= Cxxcotdx)1xec(cosxdxcot 22 . §§§ 
§§§§§§§§§§§§ 

 

Example :7  

Evaluate each of the following integrals :  

►  +−=−=
−

Cxxtan2dx)1xsec2(dx
xcos

xcos2 2

2

2

. §§§ 

►  
−

+−=
−

+−
=

−
dx

1x

1
1xdx

1x

11x
dx

1x

x
 

§§§ . C)1x(2)1x(
3

2
2

1

2

3

+−+−=                     
§§§§§§§§§§§§ 

 

)x2cos1(
2

1
xsin2 −=  , )x2cos1(

2

1
xcos2 +=   

xsecxtan1 22 =+  ,  xcscxcot1 22 =+   
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E x e r c i s e   ( 6-1) 

Evaluate each of the following integrals: 

 

1)   −+ .)753( 25 dxxx  ,  2)   −+ dx)4x2
x

3
( 2

3

3
 

3)   .dx)2x3( 5
 −   , 4)  .dx)1x3cos( −    

5)  .dx)x1x( 23
 −   ,  6)   .dxxcosx 2  

7)    .dx
x

xtan2

  , 8)  .dx)x8x2(sin 2

3

 +    

9)    + .dx)x1725( 2   , 10)   − dx]xsin)x3([tan2    

 
§§§§§§§§§§§§ 
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I-3  D e f i n i t e   I n t e g r a l s  

Let )(xF be an anti-derivative of )x(f . Then we define the definite integral of )x(f  with 

respect to x between the limits bxax == , (i.e. in the closed interval [a, b]) as: 

 

 

 

 

 

Example :8 

Evaluate each of the following integrals:  

►   .
3

1

3

1

3

2

3

x

2
3

x
dxxx

1

0

32

3

1

0

2 =−=

















−= −  §§§ 

   ►    .
3

1
)01(

3

1
xsin

3

1
xdxcosxsin 2

0
3

2

0

2 =−==




§§§ 

§§§§§§§§§§§§ 
 

 

I-4  P r o p e r t i e s   O f   D e f i n i t e  I n t e g r a l s 

Definite integrals have some interesting properties which we will discuss them in the 

following theorem: 

 

 

 

 

 

 

 

 

 

  −==
b

a

b
a )a(F)b(F)x(Fdx)x(f  

If f and g are integrable on [a, b], then gf  is integrable on [a, b] and: 

(1) =
b

a

b

a

dx)x(fkdx)x(kf    for any nonzero constant k . 

(2)  = 
b

a

b

a

b

a

.dx)x(gdx)x(fdx)]x(g)x(f[  

(3) .0dx)x(f
a

a

=   ,   4) −=
b

a

a

b

.dx)x(fdx)x(f       

5)  For   .dx)x(fdx)x(fdx)x(f,b,ac
b

a

c

a

b

c
  +=  
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Example :9 

Evaluate each of the following integrals :  

►   
3

20
x2x

3

2
dx)

x

1
x(

4

1

2

1
4

1

2

3
4

1

=













+














= +  §§§ 

   ►  19264256x
5

2
.5x

7

2
.7dx)x5x7(

4

0

2

5
4

0

2

7
4

0

2

3

2

5

=−=













−














= − . §§§ 

§§§§§§§§§§§§ 
 

Example :10 

Evaluate  +
3

0

32 dx)9xx( . 

Solution 

Using integration by substitution:   Let dxxduxu 23 39 =+=  

Since 90 == ux       and  363 == ux  

Thus,   .42u
3

2

3

1
duu

3

1
dx)9xx(

36

9

2

3
36

9

2

1
3

0

32 =













== +  §§§ 

 

§§§§§§§§§§§§ 
Example :10 

Evaluate  
4

0

22 sectan



 dx . 

Solution 

Using integration by substitution:   Let  dduu 2sectan ==  

Since 00 == u       and  1
4

== u


  

Thus,   .
3

1
u

3

1
duudxsectan

1

0
3

1

0

2
4

0

22 === 



 

An important property in definite integral: 

.
]a,a[ on even is  )x(f if   dx)x(f2

]a,a[ on odd is  )x(f if             ,0

dx)x(f a

0

a

a 







 −

−

=
−

  §§§ 

§§§§§§§§§§§§ 
Example :11 

Evaluate each of the following integrals :  

►   0dx  1xx
2

2

2 = +
−

  ,   as the integrand is an odd function of   x   . §§§ 

   ►   +
−

2

2

22 dx    )1x( x
15

272

3

8

5

32
2

3

x

5

x
2dx    )1x( x2

2

0

2

0

35
22 =








+=












+=+= .  

The integrand here is an even function of x. §§§ 
§§§§§§§§§§§§ 
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E x e r c i s e   ( 6-2) 

 

 
Evaluate the following integrals: 

(1) 
−

+

3

2

2 )1( dxxx                            .      (2) .)1(

2

1

2

1

32


−

− dxxx   

(3) 
+

3

1
2

3

.
1

dx
x

x
                          .       (4)  +

4

0

2 tan1sec



dxxx   

(5)  +

15

0

.1dRRR                           .      (6) 
4

0

2

.)
2

sin(






 d  

(7)  +
2

0

2

3

cos)sin1(



tdtt                   .      (8) 
4

0 cos

sin



dx
x

x
  

(9) 
− ++

+
1

1 2

1

2 )22(

1
dx

xx

x
                 .    (10) 

+

2

0
22 cos3sin4

2sin



dx
xx

x
  

 

 

 
§§§§§§§§§§§§ 
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)x(fy =  

)x(gy =

 

)]x(g)x(f[y −=

 

II- D E F I N I T E  I N T E G R A L S  A P P L I C A T I O N S 

  

This  chapter discuss some of Definite Integral uses , firstly  we start by applications explain  

how can be use to calculate volume ( for irregular shapes ) as the regular such as , cubes , 

cylinders , spheres , ….etc has its own algebraic rules to calculate easily , and we also discuss 

how to find arc-length for certain curve, surface area of solid bodies( specially irregular bodies )  

 Let us remember that primal integral definition state that : 

   "  Definite integral is a limit of sum "    

 

II-1  Area  Of  A  Region  

 This section help us to calculate irregular area lies between two graphs or more .The 

following theorem descript how to find this area :  
 

Theorem :6-3 

 

 If  g ,f  are two continuous functions as  )x(g)x(f   for eachand the two  ]b,a[x  
straight line  ax =  , bx =  then the bounded resulted area ( Say ) of intersection can be given by 

:   

 −=
b

a

dx )]x(g)x(f[A  

 
fig. (1)   describe the theorem . 

 
 

    y                      

 

 

                                          dx                   

                            ax =                                    bx =  

                                                             x             
fig. (6.1) 

 
 

The integral in theorem (6-1)  represented by fig.(1.1) by the shadow rectangular slide  as 

:  


=

−=
b

ax

dx      )]x(g)x(f[   A                               

 
 

 Rectangle width 

 

Rectangle length Integral boundaries 
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y 

dx  

)xx( 2−  

 

 

)1,1(  

)0,0(  x 

Guide steps for calculating Bounded  area :  
 

  ** Draw the required area bounded from above by the graph )x(fy =   and  

     Bounded from below by the graph )x(gy = and determine the upper and  

    lower Integral boundaries .  

 

  **  Find  the rectangular shadow area with width dx  and length )]x(g)x(f[y −=  ,  

      and then  the slide area represented. dx)].x(g)x(f[dA −=      

  * Finally the total area calculated by  :  −==
b

a

b

a

dx)].x(g)x(f[dAA  . 

 

Example :12 

Evaluate the area bounded by the curves 2xy =  , xy = .  

Solution: 
 

      By using guide  steps :                    
 
 
 
 

 

 
 
 

 

 
 
 

 
                                                                                            fig. ( 6.2)   
 

The guide steps describe   fig. (1.2)                            

To calculate  the integral value ( i.e. the area ) apply the following steps: 

 

**  Solve the equations of the two graphs xy = , 2xy =  together to get the  

        points of intersect which are  )0 ,0( and )1 ,1( . 

    

   **  The integral boundaries are . 10:x →    
 

      **  The area  A  determined by : 

 −==
1

0

2
1

0

dx )xx(dAA  −=
1

0

22/1 dx )xx(  

   

1

0

32/3

3

x

2/3

x














−=

3

1

3

1

3

2
=








−=     . §§ 

§§§§§§§§§§§§ 

 

Upper graph  :  xy =  

Lower graph 2xy =  :   

Slide width    : dx    

Slide length   : )xx( 2−  

Slide area  : dx )xx(dA 2−=   
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2x6y −=  

)]x23()x6[( 2 −−−  

x23y −=  

 

)5,1(−  

 

)3,3( −  

x  

y 

Example : 13 

Evaluate the area bounded by the curves :  03x2y =−+  , 6xy 2 =+ .  

Solution: 

      By using guide  steps:                    

      
 
 

 
 

 

 
 
 

 

 
 
                                                                                                              

                                                                                                                               fig. ( 6.3) 
The guide steps describe  fig. (6.3)                            

To calculate  the integral value ( i.e. the area ) apply the following steps: 

   **  Solve the equations of the two graphs 2x6y −= , x23y −=  together to  

           get the points of intersect which are  )5 ,1(− and )3 ,3( − . 

   **  The integral boundaries are . 31:x →−    

 

   **  The area  A  determined by : 


−−

−−−==
3

1

2
3

1

dx )].x23()x6[(dAA  

    
−

+−=
3

1

2 dx ).x2x3(  

3

1

2
3

x
3

x
x3

−












+−=     

    
3

32
1)

3

1
(39

3

27
9 =








+−−−−








+−=   . §§ 

§§§§§§§§§§§§ 

 

 

 

 

 

 

 

 

 

 

Upper graph  :  2x6y −=  

Lower graph x23y −=  :   

Slide width    : dx    

Slide length   : )]x23()x6[( 2 −−−    

Slide area  : dx)]x23()x6[(dA 2 −−−=   
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3xy =

 

6xy +=

 
x

2

1
y −=  

)2,4(−  

)8,2(

 

1R  2R  

Example : 14 

Evaluate the region R  bounded by the curves 6xy =−  , 0xy 3 =− .  

Solution: 
By drawing the graphs we note that the region R  has different lower bounds , so to find the 

required area of the region to two region  21 R , R  

as in the following drawing , say 21 R  RR +=                           

 
        y                                                       y                       

 

    

 
 
 

 
                                                                       x    x                                                                                               

 

 
 

 

                                                                   

  fig. (6.4) 
 
 

 
 
 

 
 
 
 
 
 

 

 

 

The guide steps describe  fig.(6.4)                            

 

**  To find points of intersection for each area we solve the equations the two    

        equations 6xy += , x
2

1
y −=  together with respect to  y  we get the point  

       )2,4(−  ,   and  in similar way  we solve the equations  6xy +=  , 3xy =   

           together to get the point )8,2(  

 

 

 

Region 1R  

Upper graph  :  6xy +=  

Lower graph 3xy =  :   

Slide width    : dx    

Slide length   : ]x)6x[( 3−+    

Slide area      dx].x)6x[(dA 3−+= :  

 

 

              Region 2R  

Upper graph  :  6xy +=  

Lower graph x)2/1(y −=  :   

Slide width    : dx    

Slide length   : ]x)2/1()6x[( −+    

Slide area  : dx]x)x/1()6x[(dA −−+=   
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**  Then calculate the districted  two area 21 R , R    we get : 
 

  
−

−−+==
1R

0

4
11 dx )].x

2

1
()6x[(dAA  

          
−









+=

0

4

dx .6x
2

3 0

4

2

x6)
2

x
(

2

3

−












+=  

                               12)2412(0 =−−=    . § 

   −+==
2R

2

0

3
12 dx ].x)6x[(dAA  

           
2

0

42

4

x
x6

2

x














−+= 100)4122( =−−+=  . § 

Then the required area  A is given as : 
 

221012AAA 21 =+=+=  . §§   

 

§§§§§§§§§§§§ 

 

 

N O T E  
 

 

      **  the integrals in examples 1,2 and 3  above the slides are vertical Rectangle moved 

horizontal from left to right as this area bounded by continuous functions )x(fy =  and )x(gy =  

proposed with  )x(g)x(f  which we denoted symbolic by xR . 

        

        **  In some integral case these proposion may be complicate the integral , so we need to get 

another slide   selection , and the horizontal selection for slide in this case is suitable to simplify 

the integral as we see in the next example 4, we denoted symbolic by yR . 
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fig. (6.5a) 

Example : 15 

Evaluate the region R  bounded by the curves 4xy2 2 +=  , xy2 = .  

Solution: 
To simplify the equation drawing we satisfy the given equations to take the form  

)y(fx =  and  )y(gx = which  leads to equivalent forms 4y2x 2 −=  and 2yx = .  
 

 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

Then the required area  A is given as : 
 


−=−=

−−==
2

2y

22
2

2y

dy)]4y2([y  dA  A  

      −=
2

0

2 dy]y4[    2  
2

0

3

3

y
-4y  2














=

 

      
3

32
)

3

8
-8(  2 ==    . §§ 

§§§§§§§§§§§§ 

 

 

 

 

 

 

2yx =  

4y2x 2 −=

 

(4,-2) 

(4,2) 

X

}} 

y 

Note that the choose  for vertical 

slide as in fig. (6.5-a) ( i.e. integrate 

with respect to  x ) leads to evaluate 

three different integrals . In such 

case choose horizontal slide as in  

fig. (6.5-b) and then integrate with 

respect to   y .  

 

 

 

fig. (6.5b) 

 

Right graph :  2yx =  

Left graph 4y2x 2 −=    :   

Slide width  : dy    

Slide length : )]4y2(y[ 22 −−    

Slide area    : dy . )]4y2(ydA[ 22 −−=   
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E x e r c i s e   ( 6-3) 

 

      Bounded Area 
 

 
Draw and calculate  the area bounded by each of the following graphs : 

 

             (1)   x4y      ;     xy 2 ==       ,    (2)  3xy      ;     3yx 2 =+=+  

         (3)   4y   ;  x4y 2 −=−=        ,    (4) 2yy      ;     yx 2 =−=  

         (5)   2y-   x;  1xy 2 =+=      ,     (6) 1x   ;  6y   x;   xy ==+=  

         (7)   22 y   x;  4y3x =+−=     ,     (8) 4yx   ;  xy   ;   x3y =+==  

(9)       xy     ;    xy 23 ==       ,    (10)    2xy     ;    x4y 22 =++=      

(11)     2y       ;   1y    ;     4y-     x;     xy2 =−==−= .      

(12)     3y       ;   2y    ;     2x-y     ;       yx 2 =−=== .     

 
§§§§§§§§§§§§ 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 



CHAPTER 6                                                                    Integrals And 

      Integrals  Applications 

 

 131 

 

x  

 

II-2  Solid Of  Revolution  

If we need to find the center of mass or the moment of inertia for irregular solid body we 

need first  to calculate the volume of that body which doesn't apply the algebraic rules for 

regular bodies . Definite integral is one of the most important tools used for calculate such 

volumes .  

 

  **  Volumes arise from revolving  area ( region)  in plane around   certain  

         axis or  certain straight line . 
     

     **  The arising volume resulting in such operation is called the Solid of  

           Revolution  . 
           

         **  The area arise this volume is called the arising area . 
 

             **  The  axis ( or straight line ) which revolved around it is called the  

                 axis of  revolution .  

 

for example if the region  xR  fig. (6.6-a) revolved around the x-axis as an axis of 

revolution , then the resulted solid volume arising  is fig. (6.6-b)  

 
    y                                                                                y                                                                           

 

                 
                            )x(fy =                                                                  

                                                 
                    )x(f                                                                            

 

 

 
              a                                       b   x  

 

                                   fig. (6.6- a)                       fig. (6.6- b) 

 

 

As the revolved region can be revolve around x-axis, y-axis , or any straight line in plane 

, so its impossible to formulate one definite form for integral . So its very useful to remember 

the volume of circular solid disk which represent in that case the element volume dV  for the 

resulted solid volume of revolution .      

 

N O T E  

**  Revolve a slide on rectangle shape resulting a circular solid disk represent element 

volume dV  for the resulted solid volume of revolution .      
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1xy 2 +=  

 

 
Volume OF Circular Solid Disk 

 
 

 
 

 
 

 
 

 

Guide steps for calculating Solid Of Revolution :  
 

  ** Draw the required area need to revolve and specify its  boundaries.   

 

  **  Find  the rectangular vertical  slide with thickness dx  or the rectangular  

       horizontal  slide with thickness dy . 
   

   **  Draw the volume which arising from the revolution of region R  around  

         the axis of revolution  and determine the resulted circular disk . 
 

   **  Represent about the radius of a disk as a function of x( or a function of y) 

        according to the disk thickness dx  ( or dy ) respectively . 

   **  The resulting volume given by the integral  : =
b

a

dVV   

 

 

Example :16 

Find the volume of  revolution if  the area bonded by  x-axis ,   the graph , and the  1xy 2 +=   
two straight lines 1x = ,  1x −=   revolved about  x-axis . 

 

Solution: 
    Using the guide  steps : 
 

                            

      dx                                                                        y                                           

                                                                                                                         
                                   dx  

                           
 

 
 

                                      x                  R       
 

                                                                       1−              1                      x         
 
 

 

1xy 2 +=  

 

dx 

r 

x-axis 

 

Solid disk thickness  : dx  

Radius of revolution : r   
Axis of revolution     : x  

Slide volume  :  dxr dV 2=  
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3xy =  

1y =  

 8y =

 

 

dy

 

dy  

r 

   

 The solid revolving volume arise from revolving region R  around axis of  revolution  x-axis , 

and by  using guides steps  
 

 
 

 
 
 

 
 

 

The resulting volume given by the integral  : 
 


−−

+==
1

1

22
1

1

dx )1x( dVV   ++=
1

0

224 dx )1x2x( 2  

    
1

0

35

x
3

x
.2

5

x
2














++=  

15

56
1

3

2

5

1
2 =








++=  . §§ 

§§§§§§§§§§§§ 

 

 
 

Example :17 

Find the volume of  revolution if  the area bonded by  y-axis ,   the graph , and the   3xy =  
two straight lines 1y = ,  8y =   revolved about y-axis . 

Solution: 

    Using the guide  steps : 
                              y                                                y      

 

 
 
 
 
 

                                                                                                                                                                    x      

                                                           

                                                              3/1yx = 
 

                                           x                                                          
 
     

 

 The solid revolving volume arise from revolving region R  around axis of  revolution  y-axis , 

and by  using guides steps  
 

 

 

 

 

 

R  

dx 

Solid disk thickness  : dx      

Radius of revolution : )1x(r 2 +=  

Axis of revolution : x    

Slide volume : dx )1x(dV 22 +=    
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x 

Volume OF Circular Solid Disk 
 

 
 
 
 
 
 

 

 

The resulting volume given by the integral  : 

 ==
8

1

23/1
8

1

dy )y( dVV  =
8

1

3/2 dy y   

            
5

93
]132[

5

3

)3/5(

y
8

1

3/5

=−=













= . §§ 

§§§§§§§§§§§§ 

 

    Now  , let the region  xR  bounded by the two graphs )x(fy =  and )x(gy =  represented as 

in fig (6.7-a) supposing that it revolve about x-axis as an axis of revolution this leads to the solid 

volume of revolution fig (6.7-b) 

 
 

                                   y                                                                                                                                                                                 

                                                         y  

 
 

                                                           
 

 
x                                   b                  a                              x  

 

 

                                   Fig . (6.7- b)                       fig. (6.7- a) 

 
 

 The resulted solid volume of revolution  contain an internal gap  as 0)x(g   and for each 

]b,a[x  .  

 

 The volume of  revolution V arises by subtracting the inner arising volume 1V  from the outer 

arising volume 2V   which can be represented by the relation : 

  dx])x(g[dx])x(f[)VV(V 2
b

a

2
b

a
12  − =−=  

                  dx )]x(g[)]x(f[ 
b

a

22
 −=        (*)   

 

 

dx 

r 

)x(fy =  

)x(fy =  

Solid disk thickness  : dy  

Radius of revolution : 3/1yr =   

Axis of revolution     : y  

Slide volume  :  dy )y(dV 23/1=  
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1x
2

1
y +=  

2x2 +  
1x

2

1
+

 
x  

dx 

dx  

dx  

II-3  Washer Pattern 

 Integral (*) is called the Washer Pattern   and can be mathematically formulated as : 

     dx . rrV
b

a

2
1

2
2 −=      (**) 

  

 
 
 
 
 

 
and then the slide in this case has the fig. (6.7-c)  
                                                                                                                                     fig. (6.7-c) 

N O T E  

**   when washer rule (** ) an error can occurred if we use relation 2
12

)rr( −    instead of relation    

      )rr( 2
1

2
2 −  in integral form . 

 

    **  Guide steps used  in  the solid  volume   are   typically  used  in  washer  formula but take  

           in consideration that the radius of revolution  r  is the difference square between the  

            inner and outer radius i.e.  2
1

2
2 rrr −= .  

Example :18 

Find the volume of  revolution if  the area bonded by the graph , and the  straight   2yx2 −=  

lines 02xy2 =−− and the two vertical lines , 1  x,  0x ==    

Solution: 
    Using the guide  step:                                                              
 
 

                                                                                                         
 

                                                                                            
                                                                                                       

                                   

 
 

 
 

 

 

                                                                                         x         
 

 

 

 

 

 

 

 

 

 

 

1
r  

2
r

 

y  
y  

2xy 2 +=

 

 

As : 

Inner radius of revolution :
1

r   

Outer radius of revolution :
2

r   

Slide thickness : dx    
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3y =

 

3y =  

2xy 2 +=

 

1x
2

1
y +=  

dx  2x2 +  

)2x(3 2 +−  

)1x
2

1
(3 +−

 

1x
2

1
+  

dx  

 

 

 

 

 

 

 
  

 
 
 
 
 

 
 

and then the slide in this case has the fig. (6.8) ) ( Washer Shape)         fig. (6.8) 

 







++==

1

0

222
1

0

dx 1)x
2

1
(-)2x(dVV   

 

 ++=
1

0

24 dx 3)x-x
4

15
x(  

          


20

79
3x

2

x
-

3

x

4

15

5

x
1

0

235

=













+














+=

  . §§ 
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Example :19 
Find the volume of  revolution arise from revolving the region  R  of example (7)  around 

the straight line  3y =  ( axis of revolution ) .  

Solution: 

    Using the guide  step:                                                              
 

y               

                                                                                    y                                       

             
                                   

 
 
 
 
 

 

 

 

 
 

x                                                  
 

 

 

 

 

 
 
 
 
 
 
 

1
r  

2
r

 

Inner radius: )1x
2

1
(r

1
+=   

Outer radius : )2x(r 2
2

+=   

Slide thickness : dx    

Slide volume : dx 1)x
2

1
(-)2x(dV 222









++=    
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y
2

1
x =

 

3/1y2x =

 

)8 , 4(  

dy  

 

dy  

 
  

 
 
 
 
 

 

and then the slide in this case has the fig. (6.9)               ( Washer Shape)              fig. (6.9) 

 







−==

1

0

222
1

0

dx )x-(1-)x
2

1
2(dVV   

 −+−=
1

0

42 dx )xx
4

9
x23( 

20

51

5

x

3

x

4

9
xx3

1

0

53
2 =














−














+−=  . §§ 

 

Example :20 
         Find the volume of  revolution arise   from revolving the region  R  about y-axis and lies 

in the 1st quadrant of coordinate , and bounded by the graph 3x)8/1(y =  and the straight line 

x2y =  . 

Solution: 
    Using the guide  step:                                                              

 

 
y                                                                 y                                                

 

 
 
 
 

 
                                                                                                                            

 

x 
                                                                              x                                                                                   

 
Its clear that a horizontal slide  arise as in shape (fig.  10) For such revolution , so we must solve 

graph equation with respect to y and also the integral boundaries as follow: 

 

 
 

 
  

 
 

           

              fig. (6.10) 

 
 

and then the slide in this case has the fig. (10) ( Washer Shape)                    
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2x2y 2 +−=  

1xy 2 +−=  

2y25x −=  

4yx 2 −=  

 
E x e r c i s e   ( 6-4) 

 

Volume By Revolution 
 

 

 State the integral formula represent the revolved volume arise by revolve the given shadow 

area  : 

 
 

 
 
 
 

      x                            
 

      
                                                                     

 
 
 
 
 
 

 

 
  

 

Draw the area bounded by the given graphs, and find the arises revolved volume about the given 

axis: 

 

   (1) x/1y      ;     1x ==      ;      3x      ;     0y ==    around x-axis  .    

           (2) 3xy         ;     2x =−=         ;       0y =  around x-axis  .   

                  (3) xy        ;     xy2 2 ==         ;  around y-axis 

                  (4) 1y      x;     1yx =+−=−    ;     2x  =   around y-axis  . 
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