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Introduction

This book covers the following topics: real numbers and functions, inequalities and
absolute values, the domain and the range of a function, operations and properties
of functions, composite functions, even and odd functions, increasing and
decreasing functions, the inverse functions, limits and continuity of functions,
differentiation (derivatives of exponential, logarithmic, trigonometric, inverse
trigonometric functions), integration, definite integrals and applications of the
integration, multivariable functions, partial derivatives, extreme values for several

variables.

Chapter 1 introduces algebra and functions, chapter two introduces transcendental
functions, chapter three introduces limits and continuity, chapter four introduces
derivatives and derivatives applications, chapter five introduces inverse
trigonometric and inverse hyperbolic functions, and in chapter 6 integrals and

integrals applications is introduced.



CHAPTER 1 Algebra And Functions

CHAPTER 1

I- ALGEBRA

This section contains a review of topics from algebra that are prerequisites for calculus. We
shall state important facts and work examples without supplying detailed reasons to justify our
work.

All concept in calculus are based on properties of the set R of real numbers. There is one-
to- one correspondence between R and points on coordinate line (or real number) L as illustrated

in Figure 1.1, where 0 is origin. The number 0(zero) is neither positive nor negative

iNedaltlive direcuon ~ositive direcuon

, —
2 3 4 5
~
Positive numbers

Negative numbers
Fig. (1.1)
If @ and b are real numbers, then a > b (@ is greater than b) if a — b is positive. An
equivalent statement is b << a (b is less than @ ). Referring to the coordinate line in Figure 1.1,
we see that @ > b if and only if the point corresponding to @ lies to the right of the point b.

Other types of inequality symbols include @ = b whichmeansa < b ora=hb,anda < b < ¢

whichmeans a << b and b < ¢ , for example (5>3, -7<-2).

I-1 Properties Of lnequalities

) i a>bandb > c thena e )
2) f a=bthen a+c>b+ec.

3) fa=bthen a—c>b—c.

4) If a=band Cispositive, then ac > bc

5) If a>=band Cisnegative, then ac < be :::ﬁ
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Analogous properties are true if the inequality signs are reversed. Thus, if a < b and

b<c thena<cif a<bthen a+c¢ < b+ c,and soon

The absolute value |@| of real number @ is defined as follows:

( a ifaz0
Ial_{—a ifa<0

For example |4] =4, |-5|=5
1) la|<bifandonlyif—b<a<b

I-2 Properties Of The Absolute Value

1) lal <bifandonlyif—b <a<b
2) la| =bifandonlyifa = bora < —b

3) |la| =bifandonlyifa=bora=—b

Definition : (1.1)
An equation (in x) is a statement such as:

x2=3x-4 ., x*+cosx—+/x=0

Definition : (1.2)
The solutions (or the roots or the values of x satisfy the equations ) is a number a that

produces a true statement when a is substituted for X. To solve an equation means to find all

solutions.
Example : 1
Solve each of the following equations ( i.e. find the solutions )
a) x* —2x*—8x=0 : b) 2x*+5x*—6=0
Solution:

a) Factoring the left hand side yields
x*—2x*—8x=0 = x(x*=2x —8)=0

= x(x +2)(x—4)=0 = x=0x +2=0x—-4=

Then the solutions are 0,—2 and 4 .sss
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b) Using the quadratic formula

 —btVbP"—dac

X=———— Wwitha=2b=5andc=—6
2
—5+./25-4(2)(-6 —5+4/73
- x — o425 (2)(-s) _ 5%
2(2) 4
. -5 w"ﬁ -5 473
Hence the solutions are : " +T and .

§§8§85888888

Definition : (1.3)

An inequality (in x) is a statement that contains at least one of the symbols <, =, < or =,

such as : 2x—1>x% or —5<4x+3<7.
The notions of a solution of an inequality and solving an inequality are similar to

analogous concepts for equations.
In calculus, we often use intervals. In the definitions that follows, we employ the set notation

{x: 1, where the space after colon is used to specify restrictions on the variable X. The
notation {x:a = x = b}, for example, denote the set of all real numbers greater than @ and less
than or equal to b- the equivalent interval notation for this set is(q,»]. In the following chart, we

call (a,b) an open interval, [a,b] a closed interval, (a,b],and [a,b) half- open intervals

defined in terms of @@ (infinity) or —©2(negative infinity) infinite intervals.

I-3 Intervals

Intervals
Name of interva tation | Inequality des e esenta
Finite and closed  [a, b] as<x=b ® Py
a b
Finite and open (a, b) a<x<b O
a b
,b <X b o
Finite and [2, b) o g
half-open (a, b] e B . "
a b
(-o0, b] -w< x 2 b &
Infinite and b
closed [a, +0) a < x <+® -
a
(-0, b) -w< x < b
Infinite and b
Res (a,+w) a < x <+ O
a
Infinite and {-w0,+0) = g0 €00
open :
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Example : 2
Solve each inequality, and sketch the graph of its solution
a) —?«;:gfxaz . b x2—10>3x
Solution:
a) 7<= <2
= —14=3-2x<4 (multiply by 2)
= —-17=-2x<1 (subtract 3)
= —% <X = ; ( equivalent inequality )

117
The solutions are : (—5,?] . the graph is sketched in Figure 1.2 .sss

_1 17
< 20 '.r:' >
Fig. (1.2)

b) x?-10=3x  given
= x?—3x—10>0 (Subtract 3x)
= (x=5)(x+2)>0

The solutions are real numbers in the union (—eo, 2) U (5,0) The graph is sketched in

Figure 1.3 .ss

A
N\
1

\ 4

Fig. (1.3)

§88888588888

Example : 3
Solve each inequality, and then sketch the graph of its solution:
a) [x—3|<5 : b) [2x—7|>3
Solution:
a) |lx—3| <5 = —5<x-3<5 = —2<x<8

The solutions are the real numbers in the open interval (—2,8) as shown in Figure 1.4 .sss

-2 8

U \%)

A
v

Fig. (1.4)
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b) [2x—7| >3
= 2x—7<-3 or 2x-72=>3
= 2x<4  or 2x>10
= x<2 or x>=>5

The solutions are the real numbers in the open interval (—oo, 2) U (5,00) as shown in

Figurel5 .ss

v

-
<«

o)
O

N

Fig. (1.5)

§88888588888

A Rectangular Coordinate System is an assignment of ordered pairs (g, b) to points in

a plane, as illustrated in Figurel.6. The plane is called a coordinate plane, or xy - plane. Note
that in this context (a, b) is an open interval. It should always be clear from our discussion

whether (a, b) represent a point or an interval as in Figurel.6.

Two points with y-axis
same first
coordinate and
different second A
coordinates s —+(a,b) HNNN 0013
e
+(ac) B
o (5,.3)
] 0 8 | .
(43:1-5)
Ordered pair
Fig. (1.6)
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I-4 Distance Formula

The distance between P; and P> is :

Y (X2, y2)

¥2 — Y1

(Xl_r yl) X2 — X1

Fig. (1.7)
I-5 The Midpoint Formula

M(p; po) = foi;er’yi;ryz)

y
(2, ¥2)
(X1 tX Y1 +J/2)
2 2
(X1, y1)
0 + t t X

Fig. (1.8)
Example : 4
Given A(4,1)and B(10,5) find:
a) the distance between A and B ,  b) the midpoint of segment AE
Solution:

a) d(4,B)=./(4+10)2+ (1 + 5) =258

4+10 1+5

b) M(AB) = M( 2 *T) = M(7,3) s

§88888588888
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An equation in x and y is an equality such as:
2x+7y=12, y=x>—6x+3 ory*+sinx=9

A solution is an ordered pair (a, b) that produces a true statement when x = a and y = b.

The graph of the equation consists of all points (a, b) in a plane that correspond to the solutions.

We shall assume that you have experience in sketching graphs of basic equations in x, y .

Certain graphs have symmetries as indicated in (Figurel.9), which states tests that can be
applied to an equation in x, y to determinea symmetry.

Even and Odd Functions

& graph that is aymmeiric wilh respect o lhe v-axis is not
the grach of a function (except for the graph of » = 0).
These threa types of symmetry are iBustrated in

Figure 1.30.

|I I " | r,

b

':. ,l'll I.,r-"# _ _F_F/

s H,f" _"‘\‘

Fig. (1.9)
Example : 5
Sketch the graph of
a) y=$x2 , b) 2 =x . ) y=x2.

Solution:

a) By symmetry test the graph y = 1 2 is symmetric with respect to y —axis. Some points
2

(x,v) on the graph are listed in the given table :

9

Fia. (1.10)
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Plotting, drawing a smooth curve through the points, and then using symmetry gives us the
sketch in Figure (1.10) .sss

b) By symmetry test the graph y? = x is symmetric with respect to X —axis. Some points
(x,v) on the graph are listed in the following table.

Fig. (1.11)
Plotting, drawing a smooth curve through the points, and then using symmetry gives us the

sketch in Figure (1.11) .sss

c) By symmetry test the graph y = x3 is symmetric with respect to the origin. Some points

(x,v) on the graph are listed in the following table.

v 0 1 8 27 | 64

www.analyzemath.com

Fig. (1.12)
Plotting, drawing a smooth curve through the points, and then using symmetry gives us the

sketch in Figure (1.12)

A circle with center C(h,k) and radius 7" illustrated in figure 1.12 . If p(x,y) is any point on

the circle, then the distance formula d(p, C) = r . This leads to the following equation

(x—h)?+ (y—k)? =12

N\

Fig. (1.13)
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If r = 1, then the circle is called the unit circle. A unit circle U with center at the origin has the

equation x% + y? =1 s

§88888588888

Example : 6
Find the equation of the circle that has the center C(—1,2) straight and passing through

the point p(2,5)
Solution:

Since the equation of circle is (x — h)? + (y — k)* =r? then :

(2—3)+3+1) =1r*>12=25—-1r=5 .

§88888588888

-6 Straight Line

In calculs we often consider lines in a coordinate plane. The following formulas are used

for finding there equations :

) - Slope form ™M = 2= i) Slope intercept form vy = mx + ¢
Ko Xq
Y
Yi a

Intercept=c

W
>

L ]
£
N

Fig. (1.14) Fig. (1.15)
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Some Special Lines

i. Vertical M is undefined and Horizontal m =0

Vertical Line Horizountal Line
4 = :l| = |II
p p
e ! -
Fig. (1.16)
ii. Parallel M, = m, iii. Perpendicular my.m, = —1
= = P
Linel -~ 7
~ e '
S / Line 2
e . Line 2 ' P ’
Pz Lme I/'
-lI‘,
Faralldd Lines FPependicular Lines
Fig. (1.17)

10
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Example : 7

Algebra And Functions

Find the slope of lines passing through the following points
a) p1(3,2) and p,(—1,4)

b) p,(4,3) and p,(—2,3)
C) p1(414) a?’ld p? {:_114:]
Solution:
42 1
a)m = = —=.
—1-3 2
bym=———=0 (ie. thelineis horizontal) .
4—(-2)
Om=2"0—
4—4

(i.e. the line is vertical) . .ss

§88888588888

A linear equation: in x and y isanequationof form ax+by+d =10
a and b not both zero

Example : 8

Find a linear equation for line through A = (4,7)and B = (-3,2)
Solution:

The slope of the line ism =

5
-3-4 7
. . y—¥
We may use A or B for (x4,y;) in the point slope 1M =
X_X4
5 y_7
_2_ N
7 x_ 4

—5x+20=7y—49 =  Ty+5x—69=0.ss

888858888888
Example : 9

a) Find the slope of the line I with equation : 2x — 5y = 9.

b) Find the equations for the lines through p(3,—4) that are parallel to [ and
perpendicularto [ .

Solution:

a) Rewrite the equation as: 5y = 2x — 9 divided both sides by 5, we obtain

11

2 9
-x —-,and
=] =1
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then the slope is m = — .sss

|k

b) If the line is parallel to I then m = m, =

| k2

The equation of line passing through »(3,—4) is

yoyi=mx—x) 442 _3)

S5y+20=2x—6 ~ 2x—5y=26

-888

If the lines are perpendicular to [ then

mm, =—-1- m1=—§
The equation of line passing through p(3,—4) is
y =y =mlx—xy)
y+4= _S(x_gj _ 2y+8=-5x+15
= 5x4+2y=7 .

§88888588888

12
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Exercise (1-1)

1- Rewrite the expression without using the absolute value symbol

DeEsips-71 0 0 =6l/=2)  ,  3)-71+]4]
4) |4 —m| . 5)I3+x| ifx<-3.

2- Solve the following equations:
1)x*—5x+6=0 : 2)3x*—13x+14=0
3)x*+3x—5=0 , 4x*+3x—5=0
5)4x* —3x+12=0 : 6)x? +3x—5=10

Nx?—6x—3=0.

3- Solve the following inequality :
Q) 4x+7<2x—9 b)3=::2’;‘5=:?.
c) ;;_13 =2 : d)|3x+4|<5
4- Find the distance between A, B and the midpoint of AB
a) A(4,-3), B(6,2) , b) A(-2,-5), B(4,6) .
5- Sketch the graph of the equations :
Q) y=2x*—1 , b) y = —x%+2
) x = —2y? : d) y=-/16—x2

6- Find an equation of the circle that satisfies the given conditions:
a) Center C (-4, 6); passing through p (1, 2) .
b) Tangent two both axes; center in the second quadrant; radius 5 .

7- Find an equation of the line that satisfies the given conditions :
a) Through A (-1, 4); slope % : b) x-intercept 5, y-intercept -4
¢) Through A (7,-3); perpendicular to the line 5x—2y=9.

§88888588888

13



CHAPTER 1 Algebra And Functions

II- FuncTtioNs AND GRAPHS

Definition : (1.4)
A function f from a set D to a set E is correspondence that assigns to each element x of
the set D exactly one element y of set E.
The element y of E is the value of f at x and is denoted by f(x), read f of x. The set D is
the Domain of the function f, and the set E is the Co-Domain of f. The range of f is the subset of

co-domain E consisting of all possible function values f(x) for x in D.

Fig. (1.18)

We sometimes depict functions as shown in Figure (1.18) where the sets D and E are
represented by points within regions in a plane. The curved arrows indicate that the elements

f(x), f (a) and f (b) of E correspond to the elements X, a, b respectively of D.

We usually define a function f by stating a formula or rule for finding f(x), such as

f(x) =+/x—2 . The domain is then assumed to be the set of all real number such that f(x) is
real. Thus, for f(x) =+/x—2 the domain is infinite interval[2,o0). If X is in the domain, we
say f(x) is defined at X, or £(x) is exist. If 5 is a subset of the domain, then f(x) is defined on

S. The terminology f (x) is undefined at X means that X is not in the domain of £ (x).

14
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Example : 10

—_—

Vx+5
Let f(x)= -

a) Find the domain of f , b) Find £(6), f(—1), f (~a)and — f()
Solution:

a) Note that £(x) is a real number if and only if the radicand x + 5 is non-negative and
denominator 2 — x is not equal 0. Thus, f(x) exists if and only if (iff)
x+5=0 and 2—x=0
Or, equivalent, x = —5 and x # 2

Hence, the domain is[—5,0) U (2, )

_We+s A1 Caey  Vo1+s 2
b) f(ﬁj_z—e_ g’ f(-16) = 72+1 3
-2, =

Il Functions

1I1-1 Even And Odd

** f(x) is an even function if f(x) = f(—x) for every X in the domain of f(x) then
the graph of f(x) is symmetric with respect to V-axis .

** f(x) isan odd function if f(—x)= —f(x) for every X in the domain of f(x)

then the graph of f(x) is symmetric with respect to the origin.

The next illustration contains Sketches of graphs of some common functions and indicates the

symmetry, the domain, and the range for each.

15
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Algebra And Functions

Function Graph Symmetry Domain D and rang R
Fl) =% 3 None D =[0,o0)
2
1 - R = [0,%0)
y = ‘ e
1 2 3 4 5
Fx) = x2 . y-axis D = (—c0, o)
: even function | g _ 19, o)
y=x
1
1 1 2
) = 1 Origin D = (—o0,)
Odd function | p — (—c0, )
T y-axis
fO0) = x| even function | D = (—o0,c0)
< > R =10,)
A
2 : i =(—
flx)=x3 vt | T b=
\/ even function | p — [0, )

16




CHAPTER 1 Algebra And Functions

_1 1 Origin D = (—,0) U(0,)
JORSS |

| |oddfunction | g _ (—0,0) LU (0,0)

The piecewise definite function are function described by more than expression, as next example

Example : 11
Sketch the graph of the function f(x) defined as follows:

x+1 ifx<-1
flx) =4x? if-1<x<1,
1 if x>1

Solution:
If x << —1, then f(x) = x + 1 and the graph of f is part of

If —1<x=<1 then f(x)=x2, and the graph of f(x) is part of parabolay = x*.
If x > 1,then f(x) = 1 and the graph is horizontal half line with end point (2, 1)

¥+l i w< —1
y=1 ®x* if —l=x=1

1 ifx=1

S

Fig. (1.19)

The greatest integer function f(x) defined by f(x) = [[x]] where [[x]] is the greatest

integer less than or equal toX. If we identify R with points on the coordinate line, then [[x]]is

the first integer to the left or equal to X.

17
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Example : 12

Sketch the graph of the greatest integer function.
Solution:

The X and ¥ coordinates of some points on the graph may be listed as follows :

1Y y=[x]
2} PR
Valueof x | f(x) = [[x]]
L —
—2=x<-1 -2 |
1 5 3 2 7 ‘| e 3%
—1 = _
= x < 1
0=<x<1 0 |
—O a MathBits com
'\ v
Fig. (1.20)

I1-2 Functions Types

1- Polynomial function :

A function f(x) is called a Polynomial function if it has the form
f(xX)=ax"+a, x"*+--+a,x +a,
where @, @;,_1, ..., A1, Qg are real numbers. And;
* If a, # 0, then f(x) has degree n.
* If f(x)=a (called constant function) as @ =0 , then f(x) of degree 0.
* If f(x)=ax+b (called linear function ), then f(x) of degree 1.

* 1f f(x)=ax*+bx+c (called quadratic function ), then f(x) of degree 2 .
2-A rational function:

Is quotient of two polynomial function.
3-An_algebraic_function:

Is a function that can be expressed in terms of sums, differences, products, quotients, or

rational powers of polynomials., for example f(x) = 5x5 — 24/x + 2=

3=
A

4- The Transcendental Functions:

Are functions that are not algebraic. The trigonometric, exponential, and logarithmic
functions. In calculus, we often build complicated functions from simpler functions by

combining them in various ways, using arithmetic operations and composition.

18
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II-3Functions Operations

If £(x) and g(x) are functions we defined
** The sum (Ff+g)x)=flx)+g(x) .
** The difference (f — g)(x) = f(x) — g(x) .
** The product  (fg)(x) = f(x)g(x) .

**The quotient r (x) = A
g g(x)

The domain of (f + g)(x),f — g and fg is the intersection of domains of fand g that is the
numbers that are common to both domains. The domain of ffg consists of all numbers X in the
intersection such that g(x) # 0.

Example : 13

Let f(x) =+/16—x? and g(x) = 5x + 3. Find the sum, difference, product, and quotient
of f and g, and specify the domain of each.

Solution:
The domain of [ is 16 —x% > 0 » x < +4 thenx € [-4,4]

The domain of g is R. The intersection of their domains is [—4,4]
(f +9)(x)=V16—x>+5x+3.
(f—9))=vV16—x*—5x—3 .

(Fg)(x) = (W16 —x2)(5x + 3) .

Te==
f (x) = d‘ﬁﬂ: and x € [—4,4],x # —% .

We can also combine two functions to form a new function by the process of
composition that is applying one function to the result obtained from the other. Starting with

functionsf and g, we obtain composite functions (f o g) and (g o f ) read f circle g and g

circle f respectively.
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CHAPTER 1 Algebra And Functions

Definition : (1.5)
The composite function is defined by (f o g)(x)= f(g(x)) , the domain of (f o g) is the

set of all X in the domain of g such that g(x) is in the domain of f.

Example : 14
If f(x)=x*—1 and g(x)=3x+5 , find
a) (f og)(x) andthe domainof (fog)(x)
b) (go f)(x) and the domainof (go f )(x)

Solution:
a) (feog)(x)="1(a9(x))

=f(Bx+5)=Bx+5)?—1=9x*+30x+ 24
The domain of ( f og)(x) iSR .ss

b) (g F)(x)=g( (x))
=g(?—1)=3(x*-1)+5=3x*+2

The domain of (go f)(x) iS R .ss

§88888588888

Example : 15
If f(x)=x%—16 and g(x)=+x , find

a) (fog)(x) andthedomainof (fog)(x).
b) (go f)(x) andthe domainof (go f)(x) .

Solution:
a) (fog)(x)="~f(g(x))
=f(WxX) =wxy-16=x—16

Since the domain of f is R and the domain of g is x € [0, ce) then the domain of

(fog)(x) ISx €[0,0) .sss

b) (g f)(x)=g(f(x))
=g(x*—16)=Vx*—16
To find the domain of (go f )(x) wehave x* —16 =0 — x* =16 - |x| = 4
Then the domain of (go f )(x) IS (—oo,—4]U [4,00) .sss

§88888588888
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Exercise (1-2)
1) ff(x)=+x—5-2x find £(5),f(9and F(13)

2) Find the domain f.

a) f(x) = xjtix ) £ (x) = ﬁngf:ai—a
0 f(xX) = 0 f ) =222

3) Determine whether f is even, odd, or neither even or odd.

a) f(x) =5x%+2x , b) f(x)= x| -3.
C) flx)=+/3x*+2x>-5 : d) f(x)=x(x—-5) .
4) Sketch the graph of f
a) x+ 2 ifx=-1
f)=4x° if lxl<1
—x+3 ifx =1
x°—4 . 9
me={ P ifx#
1 ifx=2

Oft)=0x-31 , df=MkI-3 , e fl)=2[x]

5) Find (f + g)(x),(f — g)(x),(fg)(x) and (i] (x) and find its domain.

Af(x)=v3-2x, glx)=+/x+4
o) =" g ==

6) Find: (fog)(x) anditsdomain , (geo f)(x) and its domain if :
a) f(x)=v25—x%, g(x)=+vx—3

3

D) fL) =" g =3

X

§88888588888
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CHAPTER 2 Transcendental Functions

CHAPTER 2

I-TRIGNOMATRIC FUNCTIONS

Trigonometry helps us understand angles, triangles, and circles through the use of six
special trigonometric functions. In this section, we review some of basic ideas and formulas of

trigonometry that are especially important for calculus.
I-1Angles

An angle is determined by to rays, or line segments, having the same initial point O (the

vertex of the angle). If A and B are points on the rays I, and I, in Figure 2.1, we refer to the

angle AOB

O Iy A

Fig. (2.1)

In a rectangular coordinate system, the standard position of an angle has vertex at the
origin and initial side along the positive x-axis (see Figure 2.2). A counterclockwise rotation of
the initial side produce a Positive angle, where as a clockwise rotation gives negative angle.

Lower Greek letters such as a,  and 0 are often used to denote angles.

An angle at standard

Yosition: if its vertex is at the
:v , YR origin of the rectangular

coordinale system and its initial
side lies along the positive x-

avie

Positive: since
the angle r

counterclockwise

Fig. (2.2)
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CHAPTER 2 Transcendental Functions

The magnitude of angle is expressed in either degrees or radians. An angle of degree

measure 1° corresponding to 1/360 of complete counterclockwise revolution. An angle of radian
measure 1 corresponding to 1/2m of complete counterclockwise revolution. In calculus, the
radian is more important unit angular measure. To visualize radian measure, consider a circle of
radius 1 with center at vertex of the angle. The radian measure of an angle is the length of the
arc the circle that lies between the initial and terminal sides. As in Figure 2.3, 0 is an angle of 1

radian

[ stop || Reset | y

6=1 = 031837

& Arc Length : §=1=0.3183w

P = (0.5403 n.a‘:m/

e R P

~ ™~

Fig. (2.3)

Since the circumference of the unit circle is 2, it follows that 27t = 360"

) 18047 .
1 radlan:(—) and 12~0.01745 radian.

T

Conversion between Radians and Degrees

1. To change radian to degrees multiply by E.
T

2. 1. To change degree to radian multiply by %.

When radian measure of angle is used, no units are indicated. Thus, if an angle & has

radian measures 5, we writed = 5, but if & has angle 5° we write g = 5°

Example : 1

1) Express ? radian in degree.

2) Express 105° degree in radian.
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CHAPTER 2 Transcendental Functions

Solution:

. . 180
1) To convert radian to degree we multiply by —, then

T

I .

= radlan:(?—“) (E ) = 1407 .

g 9 T

T
g

2) To convert degree to radian we multiply by(;), then
105° = 105( 2 )= s

180 12

§§8§85888888

I-2 Trigonometric Functions

The six trigonometric functions are the Sine, Cosine, Tangent, Cosecant, Secant and

Cotangent. We denote them by Sin, Cos, Tan, Csc, Sec and Cot respectively. We may define the
trigonometric functions in terms of either an angle & or a real number x.

Trigonometric functions of any angle

y
Recall R
X In General
AR
f\ \\\ v r
\i/ x| sinf== csc =—,y# 0
r Y
oy "
costd=— Secd = ;;X #0
I ’
R ) t
X0k yrEr tan@=X,x¢0 cotf =~y #0
X 3
yi= \‘2+_1'2

A few key points to write in your notebook:
¢+ P(x,y) can lie in any quadrant.

+ Since the hypotenuse r, represents distance, the value of r is always
positive.

+ The equation x? + y? = r? represents the equation of a circle with its center at
the origin and a radius of length r.

+ The trigonometric ratios still apply but you will need to pay attention to the
+/- sign of each.

Fig. (2.4)
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CHAPTER 2 Transcendental Functions

Trigonometric functions of an acute angle

& o
1\.2’?4-"";-‘-’ [=+]
e =
-~ (=)
- =
o~ (=1
.-f’i; =
T _
Adjacent
sing = . opposite ) - hypotenuse
hypotenuse opposite
adjacent hypotenuse
cos@ = ————— SECH = ———————
hypotenuse adjacent
opposite adjacent
tangd = —— = _Taee
adjacent CORE = pposite

Fig. (2.5)

Trigonometric functions of real number

The value of trigonometric functions at a real number x is its value at an angle of x
radians. From this definition, we see that there is no difference between trigonometric functions
of angles measured in radians and trigonometric functions of real numbers. The sign of the value

of a trigonometric function of an angle depends on the quadrant containing the terminal side of
0. As shown in Figure 2.6

CQuadrant IT Cadrant I
sim +
csc =+ All pos
3 i) »
tan + cos +
cot + sect
CQuadrant ITT Quadrant IV
Fig. (2.6)
Example : 2
. . . . am
Find the values of trigonometric function for & = —
Solution:
3 x-"E . 3am 1;'5 3T
cos— = ——, sin—=—, tan—=1
é : 3 : 3
T o T
secT = —x@, CSCT = ﬂ, cot? =1
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CHAPTER 2 Transcendental Functions

Evaluating Trigonometric functions

Some special value of trigonometric functions

g e ) )
. SinB| CosO | SIinO | cscO | secO | cotO
Radians | Degree
x 30 | L) 8 |32 | 28] yE
6 2 2 3 3
T 45 | V2 | V2 1 VZ | V2 1
4 2 2
T e |G| L |y3|aE] 2 | @
3 2 2 3 3
Graphs of Trigonometric functions
sin (x) Cos (x) tan (x)
csc (x) sec (x) cot {x)

Fig. (2.7)
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CHAPTER 2 Transcendental Functions

Trigonometric functions ldentities

1) Reciprocal and ratio identities

i) Pythagorean identities

cos?0+sin?0=1 , 1+tan’0=sec’0 , 1l+cot’0=csc?0

Example : 3
Express v/ 16 — x2 in terms of trigonometric function of & without radicals by making the

trigonometric substation x = 4sinx for _g =g <!

SN

Solution:

V16— x2 =16 — 16sin20 =441 — sin?8 = 4 cos8 .sss

§88888588888

iii) Low of Sines and cosines

If ABC is triangle labeled as shown, then the following relationships are true

Formulas

- Law of sines
sina  sinf  siny

b c

_C7
« Law of cosines

a® = b® +c? —2bccos(a) or b? =a° + c? —2accos(B) or c¢®=a®+b*-2abcos(y)

« Heron's formula

g %JP(P Z2a)(P - 2B)(P=20)

a, b, and ¢ are the lengths of the sides of the triangle

Pis the perimeter of the triangle

Fig. (2.8)
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CHAPTER 2 Transcendental Functions

IV) Additional Trigonometric identities:

** Eormulas for negatives:

sin(—f) = —sinf, cos(—0) = cosH,

csc(—8) = —csc B, sec(—8) = sech,

sin(a + f) = sina cosp + cosa sinf i

cos(a + B) = cosa cosB F sina sinff -

For any real numbers a, 8

Double angle formulas for sine and cosine

sin28 = 2sinf cosf
c0s20 = cos?*8 —sin“B =1 — 2sin*6 = 2cos%6 — 1

Example : 4
Verify the following addition formula for tangent function.

tana +tanff

tan(Oi + ﬁ) = 1—tana tanf

Solution:

Tan(a:—!—ﬁ] _ sinla+4)

cos(a+ )

sina cosf+cosa sinf

cosa cosfi—sina sinfi

if cosa cosp # 0 then we can divide the numerator and the denominator by cosa cosf3, we

obtain

sina cosfl | cosasinf

cosa cosfl  cosacosfl
sina sinfd
 cosacosf

Tan(a + B) =

t t
Then Tan(a+p) = tfanattanf 688

1-tana tanf

§§8§8§888888
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CHAPTER 2 Transcendental Functions

Trigonometric Equation

Trigonometric Equation is an equation that contains trigonometric expressions. Each
fundamental identity is an example of trigonometric equation where every number or angle in

the domain of the variable is a solution of the equation.

Example : 5
Find the solutions of equation ging = El if
a) @ isintheinterval [0,27) , b) @ isany real number.
Solution:

a) If sinf = i ,then @ = g. If we regard & as an angle in standard position, then, since

. . e T T 3T
sin@ > 0 the terminal side is in either quadrant | or I, thus & = z and 8 =1 — s g

b) Since the sine function has period 27 then
g = g +2nn and 8= 1—” + 2nm  forevery integern. 2. .ss

§88888588888
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Exercise (2-1)

I.  Find the exact radian measure of the angle:
1) 150° , 2)120° ,3) 450° , 4) —135° .
5) 225° , 6)210° , 7)630° , 8) —60°.

Il.  Find the exact degree measure of the angle:

am Sm 3m 7
DT A ¥y 9T
1im 47T 1im 37T
)~ 67 B0 i) B

I1l.  Solve the following equation

ks

1) sinf = , 2) cotf =1 , 3) cosf =—

Lo wa

]

.

IV.  Express the following expression in terms of trigonometric functions

NvV16—x%? , x=4cosf for -t <8 <m.
’__5___3; T T
2)”:2+ ., x=2tanf for ——=8<—.
X 2 2

V.  Verify the identity
1) (1 —sin?t)(1+tan’t) =1 , 2) —r cscl + cotf

cscf —cotd

3) 2sin?2t + cos4t = 1

VI.  Find all solutions of equation.

1) 2cos26—+/3=0 , 2)2sin30++2=0
VII.  Find all solutions of equations in [0, 21].
1) 2sin*u=1—sinu , 2)sinx+ cosxcott = cscx

3) sin;luntcosu =1

§88888588888
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CHAPTER 2 Transcendental Functions

II- EXPONENTIAL AND LOGARITHMS

Exponential and Logarithms functions play a major role in calculus. We defer a complete
rigorous definition of exponential and logarithmic functions until we have developed the

necessary tools of calculus. We review some of their properties in this section.

II-1 Exponential Functions

The exponential function with base b is defined by f(x) =b* , wand X is any real

number.

If X is negative integer, then X = —n for some positive integer 2 and a”  and

P =hm =
bn

If X is a rational number of the form = % , where T and 7 are integers with 1t = 0,

then b* = b= = (V)™
In the graphs of f(x) = b* shown in Figure 2.9

Expenential Geowth
b1 ¥

-~

Fig. (2.9)

Properties of exponential functions

The exponential function f(x) = b* is one to one, that is, for any real

numbers x; and x,:

" 1-1f Xy # X, then b # b*2

5 2-18b* = b*2 then Xy = X,
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CHAPTER 2 Transcendental Functions

Laws of exponential function

If wandwv areany two real numbers, then

An exponential equation is an equation involving exponential functions. We can often solve

exponential equation by using the one-to-one property.

Example : 6
Solve the exponential equation 53% = 53*~4

Solution:
Byusing (1.1)then 5x=3x—4, = 2x=-4 =X = 2.

§88888588888

Example : 7

Solve the exponential equation 33*~% = g2x+3

Solution:
By using (1.2) then 92*73 = 3*¥*6  — 35x-2 _ 34x+6
= bx—2=4x4+6 = XxX=8 .

§88888588888

112 Logarithmic Functions

If b is a positive number (other than 1), then the exponential function with base b is one-
two one function whose range is the set of positive real numbers. Thus, given a positive number
x, there will be unique number y such that x = b* .

The number y is called the logarithm of x with base b. We denote this number as logy, X .
Definition : (2.1)

If b is a positive number (other than 1), then the logarithm of x with base b is defined

by vy =log, xifandonlyif x = b¥ for every x>0, and every real number y.

We call first the logarithmic form and second the exponential form. Consider the following

equivalent forms.

The following table given a numerical example to clarify the definition :
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CHAPTER 2 Transcendental Functions

logarithmic form exponential form
logs u =2 Bi=qy
log, 8=3 b*=8
log,p=7 g =p
log, 2t+3)=w 4¥ =2t +3

Properties of logarithms and evaluating exponential forms

Property of log, x form exponential
form
log,1=10 B =1
log, b =1 bt =h
log, b* = x b* =b*
log, x = log, x plegnx — y

To obtain graphs of logarithmic functions, we first show that logy, x and b* are inverse

of each other. The graph of either function is the reflection of the graph of the other cross the

line y=x. shows typical graphs of these functions for b>1.

13

Fig. (2.10)
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Properties of Logarithmic functions

The logarithmic function f given by f(x)=1log,x is one-to-one, that is, for any two
positive real numbers x; and x,:

If Xy # X, then log, x, # log, X,

If log, x, # log, x, then X; = X,

L ows of logarithms

If u and v are any two positive real numbers, then

for every real number c.

Logarithms with base 10 are called common logarithms. And the symbol 1ogx in

abbreviation for log, ,x. A second widely used logarithm is the natural logarithm, denoted In x,

which has the irrational number e for its base.

Change of base formula logarithms

If x>0 and if a and b are positive real numbers other than 1, then log, x = iog—“;‘
08q

Example : 8
Approximate log-32 using common logarithms.
Solution:
Using change of base formula logarithms with a=10 we have

log 32
log 7

= 1.7810 -8

log,32 =
§888588588888
A logarithmic equation: is an equation involving logarithmic functions. We can often
solve logarithmic equations by using the one-to-one property of logarithmic functions.
Example : 9

Solve the logarithmic equation logs (5x — 3) = logs (3x+ 7)

Solution:
By using the one-to-one property, then °X—3=3x+7-x=5

§§888§888888
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Exercise (2-2

1-Sketch the graph of f
a) f(x) =2~ , b)fy=4+5 , © fx)=2"*.

2-Solve the following equations

a) 52x+5 — R7x-10 ’ b) 4x° = 93x+2
C) 2?4—1' — gx—a , d) gx—1 _ 42x-3

3-Change to logarithmic form

a) 5% =125 . b)ymr=p , c). (0.7)¢ =§
4-Change to Exponential form

a) log,32=>5 , b) log,,1000 = 3

c) log,m=>5x+3 , d) log,1994 =7

5-Solve the following equation

a) log,x = log, (8—x) , b)log x* =log(—-3x—2) ,C) log x*=—4

§88888588888
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CHAPTER 3

I-L1 MITS

-1 Limits Overviews

The concept of a limit is a central idea that distinguishes calculus from algebra and

trigonometry. It is a fundamental to finding the tangent to a curve or the velocity of an object.

Generally in differentiation and integration we interested in the value of f(x) for the
function f when x approaches a given number a.
Some times the number adoesn't exist in the domain of the function f that is f(a) is
undefined, for example:
x? -1

Consider the function :f(x) = 1 ; X#1
X_

We noted that the number 1 doesn't exist in the domain of the function science

f(1) = (0/0) which is undefined value. The following table is calculated by the calculator to

show the value of the given function when x approaches from 1

X f(x) X f(x)

0.9 19 1.1 2.1
0.99 1.99 1.01 2.01
0.999 1.999 1.001 2.001
0.9999 1.9999 1.0001 2.0001
0.99999 1.99999 1.00001 2.00001
! 1 ! !

1 2 1+ 2

We noted that when x approaches from the number 1 the value of the function f(x)

2
approaches from the value 2, which denoted by lim = _11
Xx—=>1 X—

=2.

Generally if the function f is defined on open interval contain the number athen there
exist some questions:

* When x approaches from a, the value of f(x) approaches from a real number L.
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** Ifitis possible for the value of the function f(x) to approach as we wantto L by

choosing a value for x approaching from a .If the answer for these questions is yes,

then we can denoted it by: lim f(x)=L.
X—a

Which means that the point (x,f(x))on the curve of f approaches from the point (a,L) when

x approaches from the number a and the following table shows this meaning: the expression

The Expression The meaning Graphically
lim f(x) =L we can make  f(x)
X—a y
approaches from Land '\:, ) =1
fo LN
chose x approaches from | ey ——
a,x=a

There exist three cases for @ :

) f@)=L , (i) f(@) =L , (i) f(a) doesn'texist.
for example |(e.g.)
2
f=x+2 . (i)gr)=""1*"2
X -1
X2 +x-1 1
(i) h() =1 x-1 '
2 pox=1

X—1

We noted that limf(x)=3 , limg(x)=3 and limh(x) =3
x—1 X—1

In example (i) f(1)=3=L, and in example (ii) g(1) doesn't exist whoever the limit is exist,

and in example (iii) h(1) =2 which not equal to the limit L =3.

KA A
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CHAPTER 3 Limits And Continuity

2 2
X“=1 it can be simplified astobe  f(x) =X =t X=Dx+D .
x-1 x—1 (x—1)

.nqja)zzndafOOZ(X+D

For the function f(x) =

There exist some functions we may as k is its limit existing or not. as: lim SINXif we
x—>0 X

put x =0 we get (0/0)which is undetermined value.

e.g.

» lim(2x—3)=2(4)-3=5 , » limJx+2=J7+2=3

X—4 X—7
Example : 1
2 f—
Iflim f(q) find f(x) =25 —2X*2
X—>2 5X° -7x-6
Solution :
2 _—
lim () = lim 2 =22 _ 9 \yhich is undetermined value.
X—2 X—=25x° —-7X—-6

By using the factorization to simplify the function and eliminate (x—2) from numerator and

denominator

2x% —5x+2 - (x~2)(2x -1)

limf(x)=lim ——=|
X—>2 ) x—>25x2 _7x -6 x—2 (%x=2)(5x +3)
= lim M—i . 555

x>2(5x+3) 13

Example : 2
If f(x)= X=9  thenfind lim f(X) and sketch the function f(x) and find the limit
Jx -3 x—9
from the sketch.
Solution :
) . Xx=-9 0
lim f(x) =1 =—
XIHE]) (X) xlgg) \/;_3 0
. . X-9 . X—9 Jx+3
lim f(x) = lim = lim . =
Y x—9 /X —3 x—>9[\/;—3 \/;+3J

= lim (MJ = lim (vX +3) = 6. 555

X—9 (x=9) Xx—9
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CHAPTER 3 Limits And Continuity

X—-9
Jx -3

To sketch the function f(x) =

Which is the function y=+/x +3 after simplifying.

The value of f(x) approaches from the value 6 when x approaches from 9. ss

§SSSS9888888

Example : 3
If f(x) =+/x—2, sketch the graph of f and find if possible:
@) lim f(x)(i), lim f(x) , (i) lim f(x) .
x—2" x—2t x—2
Solution : Ay
The curve as in the following figure:
(i) The right limit lim f(x): T
X—2 ::
If x>2then x—2>0s0, f(X)=+x-2is 4 y=vx-2
.
a real value then f is defined so, lim Vx-2=+/2-2=0. — ] ' / -
x—2* 4 x

(ii) The left limit lim f(x):

X—2~

The left limit doesn't exist where f(x) =+/x—2 is not real value when x <2. (iii) The limit

Iimzf(x) doesn't exist because f(x) =+/x—2 is undefined on the open interval
X—>

containing the number 2. ss

§9898888888
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Theorem : (3-1)

lim f(x) =L ifand only if, ie. lim f(x)=L= lim f(x)

L X2 X—>a X—>a

limit of the function exists if and only if the right and left limits are exist and equal

Example : 4
If £(x)= IXI sketch the graph of f and find:

X
i) lim f(x) , (i) lim f(x) , (i) lim f(x)
x—0" x—0" x>0
Solution :

The function is undefined at x =0 Pl

(i) If x<0then fim XI_=X__4 y

x—0~ X X
(i) If x>0then fim X=X _1 :

x—0~ X X . N
(iii))Since lim f(x)= lim f(x). ' ' x

x>0 x—0" -1
then, lim f(x) doesn't exist. sss
x—0
NN

Example : 5

3-x ;x<1
If £(x)=14 -x=1 » Sketch the graph of f and find:

x%2+1 1x>1
(i) lim f(x) , (i) lim f(x) , (i) lim f(x)
Xx—0" x—0T x—0
Solution :
E— Ay
@) lim f(x)= lim 3—x)=2
x—1 x—1
@ii) lim f(x)= lim (x2 +1)=2
X—>l+ x—1
Since lim f(x)=2= lim f(x) ]
X—1" x—1T 1
Then, lImf(X)=2 ss B I B
x—1 T

S9988888888

41



CHAPTER 3 Limits And Continuity
Example : 6

Find lim f(x) if fo=i< Tt X<t

x—1 5—2x , X<1

Solution :

lim f(xX)= lim x+1 =1+1=2 = f@17)=2

Xx—1" x—1"

lim f(x)= lim (5-2x) =5-21=3 = f(I*)=3.

x —1" X—1

(@)

f)=(x+1) -1 1 1" foo=(6-2%

Then, Iimlf(x) doesn't exist . ss
X—>

§8858888888

Example : 7
o x=3
Evaluate lim , if exist .
X—>3 X—
Solution :
It is noted that :  |x -3 = (x=3) , x=3
—(x-=3) , X<3
= im fo0=—8D 1 i = 8
x—l>r2_ ® ()(/4) xln;r %) M
lim f(x)= lim f(x) then lim f(x) doesn't exist .ss
X—3

X—3 X—3

§888888888
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Exercise (3-1)

(1) Evaluate the following limits if exist:

@ tim X% o) im X2 (. lim XX
x—>-12X +1 X—5 X — 2 x—>-3 (X +3)(X+1)
2 2 2
@imX=% @mX=0 @ im X
X—>2 X—2 X—4 /X —2 x—>12x2 4+ 5x —7

(2) Evaluate the following limits if exist:

lim f(x) lim f(x) lim f(x)
x—a~ x—at X—a

For the given following functions :

(a) f(x):% ca=4 () f(xX)=/5-2x-%x? ; a=(5/2)
(C)f(x)zlzigl Ca=-5 (d) f(X)=B—2x—-x2 ; a=(5/2)

(3) sketch the graph for the following functions and evaluate its limits if exist:

2 3
Xx“-1 ;x<1 X o x<1
1) f(x)= ’ , 2) f(x) = ’
() 16 {4—x Xx=>1 (2) 1) {B—X Px>1
3x-1 ;x<1 | x-1]| ; X #<1
3) f(x)= ., (4) T(X) =
(3) 1(x) {3—x x>1 ) 1) {1 ;o x>=1
x% +1 X<l —x? o x<l1
(5) f(x) =41 ;o x=1 | (6) f(x)=11 ;o x=1
X+1 ; x>1 Xx-21 DX >1
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12 Limits By Definition

Definition : (3-1)

" If the function f is defined on open interval contain the number a , then we i’

i call that f(x) has a limit at the number a and if there exist a real number

L suchthat : lim f(x)=L , orin other word
X—a

- Forevery ¢>0 (called & —tolarnce) there exista &>0 (called 5—tolarnce) -i-i
~i and such that :
A If O<|x—al<dthen |f(X)—L|<e. i

From definition (3-1):
() |[x—akdé <. a-d<x<a+d
(i) L-e<y=f(X)<L+e < |y-Lke

and the following figure shows the relation between (i), (ii).

W) |fix)—L|<e Mo<|x—a|<$
pe—€ ——] Il<-¢‘i->-|I
! }
{ ) H ) » } >
AY L] T 7 Lot
L-¢€f(x) L L+e a-8x a a+é
Example : 8
2x% +x-10 _

By limit definitions, find the relation between 6 , ¢ , if . lim
x—>2 (X-=2)

Solution :
From the definition of the limits:

2
2X +x—10_9<8:> (2x+5)(x\247_9<8
(x-2) (x=2
= |2x+5)-9<e = [2x-2<e& :>|x—]1<§

If s [f(X)—9<e V x; O<|x-1<d ; 6<§ “ then ©=1(/2)

§888888888
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Limits And Continuity

Example : 9

2
By limit definitions, prove that: . lim X—5X+6 =1

x—3 (X-=3)
Solution :

From the definition of the limits,
2 —
f(x)-L<e = XEoXH6 |,

(x=3)

W—IF‘S = |(x-2)-1<e |[x-3<e
(x =3y

2
Let 5=¢ then ,X_—5X+6— <e Vx; 0<[x-3<38

(x=3)

. . X%’ _-5x+6
Then the limitisexistand |lim ———— =1 s
x—>3 (X—3)

§888888888
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CHAPTER 3 Limits And Continuity

Exercise (3-2)

(1) Use the definition of the limits to show that:

3 2 v
@ lim X 1.3 ) tim XFX=6_ g
x—1 X-1 x—>-3 X+3
() lim@Bx-2)=4 , (d) lim (2x+1)=-5
X —2 X—-3
(e) lim (10-9x) =64 , (®) lim (3—£x)=0
X —>—6 X—6 2

§888888888
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CHAPTER 3 Limits And Continuity

I-3 Limits By Techniques

Theorem : (3-2)

00000 T T
/Z?IZZ 1- If f(x)isdefinedat a then: (a) lim f(x)=f(a) , (b) lim C=C ZZZZ}
X —>a X —>a
i Where C is constant. , and if E
Wi 2- F(x) is a polynomial on the form: f(x) =c, +c;X+CoX2 +...+C X" inil
4%+ Then : lim f(x)=c, +ca+cya’ +..+cpa" gt
X —>a

(e.q0.) > lim _8=8 , » limx=7
X—>—2 X—>7
> lim (5+2x-4x3)=5+2(-3)+-4(-3)3 =5-6-27=-28
X—>—3

Theorem : (3-3)

i (1) lim ) :[ lim f(x)}m , Where m=0 and real.
- (2) lim Y760 =g/ Tim (9.
(e.0.) : > Iim2(3x3 —10x)3 = ( Iim2(3x3 —12x))3 = (3x8-10x2)* =43

> lim 3x2 —6x =3/lim (x2 —6x) = 4% —6x4 =38 =—2.

X—4 X—4

Theorem : (3-4)

.. If then, lim g(x)=L,, lim f(x)=L, ;nctions andare two real fuf(x),g(x)
. X —> a X —> a

(1)
()
(3)

[f(x)£g(x)]= lim f(x)+ lim g(x)=L; L,
[Cf(x)]=C. lim f(x)=CL; ; CeR

lim
X —>a
lim
X —>a

[f(x).9(x)]= lim f(x). lim g(x)=L,.L,

lim
X —>a

(4) lim {f(x)}{x@afm]"l ; Lp#0

lim g(x)
X —>a

g(x) L

X —>a




CHAPTER 3 Limits And Continuity

Solved Problems :

1) Evaluate: lim 2x =3
x—2 X+1

Solution :

By direct substitution with x=2 , we getiss. lim 2X=3 = 2'3_3:1
x—2 X+1 2+1 3

2 i) 2
2) Evaluate : lim Xz_i
X=U X +2x -2

Solution :

By direct substitution with x=1 , we get :

213
2 ~2/3 lim (x2 —2x +9)
"m(x —2x+9J X 1

x> x2 +2x -2 lim (x? +2x —2)
X —1

) -2/3
. (17 -21+9) _(8)%"3 :(23)—2/3 _,2_1 -
1% +2.1-2) 4
2 f—
3) Evaluate lim X -9 :
x—(3/2) 2Xx -3
Solution :
2 —
By direct substitution with x=(3/2) weget : lim -9 _ 0

x—(3/2) 2Xx—3 0
we must eliminate x—(3/2)=0= (2x—3) =0 from the numerator and denominator

2 —_—
im A9y E9@xY (2x +3)=6
x—>@3/2) 2X-3  2x—>3 %3) 2x—>3

. 888

4) Evaluate lim —
x>0 (x+2)° -4

Solution :

By direct substitution with x=0 , we get:  |im _x 0
x>0 (x+2)%-4 0

: . X

lim ——————=lim

x>0 (x+2)2 -4 x-0 [(x+2)-2] [(x+2)+2]

i X i 1 _
=0 x[(x+2) +2] =0 [(x+2)+2]

. 888

1
4
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5) Evaluate: lim Vx+9-3
x>0 x2 4 2x

Solution :
By direct substitution with x =0, we get : lim vx+9-3_0
x>0 x242x 0
. AX+9-3 . JX+9-3 Vyx+9+3
im ——— = lim .
x>0 x%42x x>0 x242x /x+9+3
lim (X9 =@ _ <a
X=>0X(X+2)(WX+9+3) x=>0X(X+2)(VX+9 +3)
— lim 1 ! 1
88§ . = —_
x>0(X+2)(WXx+9+3) 2.(/9+3) 12
. x*8x
6) Evaluate: lim
X—>-2 X+2
Solution :
4
By direct substitution with x=-2, we get: lim X +8x _0
x—>-2 X+2 0
. oxte8x x(x3+8)
im —= lim —=
Xx—>-2 X+2 x—>-2 (X+2)
_ i XXX d) L X(X2 —2x+4) =24 .
X—>-2 (x+2V X—>-2
X% —4

7) Evaluate: lim
x 2t VX—2

Solution :

Il
oo

By direct substitution with x=2% , we get: lim

x—2t X—=2
. x2 _4 . x2 _4 AJX=2
lim = lim

wsot AIX=2 4ot IX—2 /x-2
(x% — 4)/x [o=2)(x + 2)Wx -2

] -2 .
= lim >—=lim

xo2t  (VX=2) x—2" —=2)

ss. M (X+2)Vx—-2=2x0=0 =

x -2t

§959988888
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Theorem : (3-5)

%::: x" —a" o x"-a" o0 - N
i 1) IfFf(x) = and lim = — then, the limit of the function (if exist)
, X—a Xx—>a X-—a
could be calculated from :
x"—a"
lim =na"!; nez,n=0 ; and
Xx—>a X-—a
Xn _an n_an 0
2) If f(xX)= ——— and Iim =— then , the limit of the function (if exist)
xM _gm x—a x"—a

it could be calculated from:

lim =—a = ; nmeZ,nm=0
\ Xx—>a X' —a m

x° +32

8) Evaluate lim
X—>-2 X+2

Solution :

5
. I . . x’+32 0
By direct substitution with x =—2 we get: lim ree 2
x—>-2 X+2 0

. . . X2 —(=2)°
the function can be writtenas lim —————
x—>-2 X—(-2)

- x°=(=2)° 51
from theorem (3-5), n=5we get: lim —————=5.(-2)"" =80 .ss
x—>-2 X—(-2)

7 —
9) Evaluate lim ﬂ :
X —>+/5 X—\/g
Solution :
7 —_—
By direct substitution with x =+/5 we get: lim ﬂ = 0
x—vJ5 X —4/5 0
7 7
the function can be written as lim ﬂ
x—5 X—\/g
from theorem (3-5) , n =7 we get:
7 7
lim X =G5 =7.(v5)" 7 =7x125 =875 . s
X —+/5 X—\/g
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6_
10) Evaluate lim (X+1)—364 :
x—>1 (x+1)° -8

Solution :

6 —
By direct substitution with x =1 we get: lim (X+1)—364 _0
x->1 (x+1)°-8 O

put y=(x+1) then X >1<yY—>2  then the function could be written as:

6 6
Iimﬂ n=6,m=3

y-2y®—(2)°
v -(2° 6 .6
f— ||m ﬁ:—(Z) :16 .§88
y-2y° —(2)° 3
RNNNNNNNY
Theorem : (3-6) ( Sandwich Theorem)
R EE———————————————

':": If. f(x) <h(x)<g(x) V¥x inopen interval contain a exceptat a (x=a)

and if limf(x)=L=1limg(x) , then limh(x)=L
X—>a X—a X—>a

The following figure shows the meaning of the

¥ = g)

sandwich theorem.

11) Use sandwich theorem to prove that: lim x? sin 1 =0

x—0 X

Solution :

Since —1<sint<1,x=0, VX —1£sinizslthen, ViteR

X
2 2 _ 2 2
multiply by (X )weget: —X =X -5'”X_23X
2 -
which means that the curve of ; Y =XSIn 2
2

2 )
lies between the two curves Y =X ¢ Yy =—X"1
. lim (x2)=0 ¢« lim (=x?)=0

Since x—>0( ) X_>0( )

9(x) f(x)

] .1
Then. lim x?sin==0 .
' x>0 X )
PNNNNNNNNN
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CHAPTER 3 Limits And Continuity

-4 Limits Involving I nfinity

For the two functions limf(x) « limf(x)

x—a’ X—a

when x approaches from a then, the limit could be increased without maximum limit (or

decreasing without minimum limit), to show this

Let f(x)= % and x approaches from 2, x> 2 the following table shows these values:
X —

X 21 2.01 2.001 2.0001 2.00001 2.000001
f(x) | 10 100 1000 10000 100000 1000000

When we find the right limit then it be increasing without maximum limit which can be

writtenas : M —— =00,
x—21 X—=

The symbol © means that the limit is increasing without maximum limit. , Similarly it

decreasing without minimum limit when we find the left limit which can be written as

) 1
lim —=—w
x—2" X~
NOTE
*If |imi=oo then . lim L=ooc lim i=oo
X2 X—2 X—>2_X_2 X—>2+X_2
*1If lim L=—oo then lim L=—oo‘ lim L=—oo
X—)ZX— X_)Z—X—Z X—)2+ X—2
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Limits And Continuity

Example : 10
Evaluate the following limits (if exist)

(i) lim ! 3 , (i) lim !
x—4~ (X—4)

x4 (X —4)°

Solution :

(1) Ifx—4, x<4then lim 2
x—>4_(X—4)

(ii) Ifx—>4,x>4 then lim — -
x4t (X—4)

(il)  As lim 5 # lim 5 then
X—4~ (X - 4) x—4T (X - 4)
lim doesn't exist  .ss
X—4 (x _ 4)
RRNNNNNNNY

(i) lim

=—00 .s88 .

00 .ss8.

x4 (x — 4)3

fx)=

1
o

- Iim S —0.1im > =0 ‘

X—>—0 Xk X—>00 Xk

. lim =0 lim - =
x—a’ (X'a) x—a~ (X-a)

4- lim N*=w : N>1 ‘

X—>00 X—>00

If k is a positive rational number and c is a real number then:

2- If N is an integer even number then: lim
X—a (X_a)n

3- If N is an integer odd number then:

= —00

lim N*=0 : N<1

=00,

e If f(x),g(x) two functions defined on open interval doesn't contain the
number a and lim f(x) =0, g(x) is bounded then: lim f(x)g(x) =0
X—a X—a
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Limits And Continuity

Example : 11

COoS X

5 =0

lim
X—=>©]+X

Prove that:

Solution :

. X
Put x=co we get :, lim 2% _%

x—>oo]_+X2 o0

Since —1<cos x <1 then the function is bounded.

lim L > =0,
x=>o] 4 X

And

lim
X—>o] 4+ X

using theorem (3-8) then,

2

Example : 12

2*t 1371 3

Prove that; lIm ——— =

.cosX=0 . ss

§885858888

X —00 7% -1
Solution :
X+1 x-1
Put x=0 , We get: lim 20 43T ®
X —>0 7* -1 00
Divided by 7% we get:
X+1 x-1 -1 X -1
lim 23077 204377 aypy i 2RI 3T
I G | 1-0 x—o 1 (1/7)
RINNNNNNNN
Example : 13
3 a—
Evaluate : lim %
X—>o 6X” +2X° =7
Solution :
3 j—
Put x=cowe get: lim %:f
X0 6X° +2X° =7 ®

Divided by x> we get :

. 3x3—x+1 .
I|r11 '--?g"""--ii--—— = I|rT]
X—=0 (X" +2X =7 x>
_ (3-0+0) 1
6+0-0) 2

¥ (3-(1/x2)+1/x%)

¥ 6+ (/) -7(W/ x°))

§959988888
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Example : 14
5[5 3
. X +X
Evaluate : lim —
X — 0 X7__X2

Solution :

Ux® +x3

Put x=0 , weget: |IMm ———=—

X—>0 [ X 7 2 0
_§xPar@/x?)

- X
. g%j X 5 + X 3
Iim ————= |lim

x> {fy 7 _ %2 X—“’O(/x7(1—(1/x2)

i VX (L (L% x 51+ 1/x?) _
1-(1/x%)

) = lim ——— }21 . 888
1

Sl 0 x Joand)

§885858888
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I-5 Limits Of Trigonometric Functions

In this section we will have some theorems (without proof) which will help to find the

limits of the functions which contains trigonometric functions.

Theorem : (3-9)

- (1) limsinx=sina , limcosx=cosa , lim tanx=tana ; aeR
" X —a X —a X —a

72T U U O O SOUOO OO UOE N NN NSO SO SO SOP O OO NN U SNSO SOOSO JOU O OR ORE ORE R S S S S-S SO DN

. sinx . 1-cosx . tanx
2 lim—=1 , lim———=0 , |lim =
x—0 X X —0 X x—0 X

1

Example : 15

Evaluate : lim (if exist)
x—0 X
Solution :
. sinbx 0
Put x=0 ,weget: lim =—

x—0 4x 0’
Use theorem (3-10)

. sinbx . 5sinbx 5 .. sinbx 5 5
lim = lim =. =—. lim =—1=— . 58§
x—0 4x x—>04 5x 4 x—»0 b5x 4 4

§885898888
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Example : 16
Evaluate:  lim 1_(_:056 (if exist)
00 Osin6
Solution :
1-cos6 _0

Put 6=0 ,weget : lim . =
-0 Osin® O

Multiply the numerator and the denominator by the conjugate of (1—cos6 ) and using the

theorem we get:

l1-cos® ,. 1-cosO 1+cosO
= lim

lim = )
86—>0 0sin® 650 Osin® 1+cosO
) 1—cos? @ . sin? 0
= lim - = lim -
60 (0sin0)(1+cosO) 6—0 (0sin O)(L+ cos 0)
. Sin@ . 1 1 1
= lim . lim =1l.—==— . ss
0>0 0 06-501+c0sO 2 2
NNSNNNNNN
Example : 17
Evaluate: lim _sin3x_ (if exist)
x—0 X+ tan2x
Solution :
Put x=0, we get :we get: xd by ivided , lim ﬂzg
x>0X+tan2x O
sin 3x
sin 3x 3 3
lim ——" _ — |im —°X
x>0X+tan2x x—o0 §+2 tan 2x
X 02X
3. lim S 3
x—>0 3X 31
= tan2x. 1121
lim (1+2. ) '
X—0 2X
NNMNNNNNEN
Example : 18
Evaluate:_ lim X2 sin L tan 2 = 2 (if exist)
X —00 X X
Solution :

Put y=1 and noted that X >0 <>y —0 then ,
X

lim xzsinitang = lim i.siny.tanZy

X >0 X X y—0 y?2
o gim YLty o0
y—0 Yy 2y

§885898888
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Example : 19
Evaluate : (if exist) lim S 1NX

X—0 ¢4X2 _X3

Solution :

PUt x =0 we get: lim SnX*+tanx _0

x>0 [g402 3 0

Divided by x we get:

sinx tanx . sinx . tanX
lim ——+ lim —=

x>0 X x>0 X _1+1_1

74_7
lim —2% X =
x>0 (442 _ 43 [1im (4 —x) N
[ X—>0
X2

§355888888

8§88
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Exercise (3-3)

(1) Evaluate the following limits (if exist)

_ 2—-x|-1
(@ lim VX2 : (b) . lim | |
X —2 X2—2X X—1 )(2 -1
3 3
@ lim &+39°-8 ). lim X *8
x—>-1x2 —7x -8 x—>-2x4_16
@ lim 16x* -1 ) lim M
x>(1/2) 2x+1 ’ C x>-3x%4+93

. @+3x)10-1 / 3,3
g) lim % , ) lim 52+ X = 3x"
x=>0 (1+3x)" -1 x->3|  x%2-1

(2) Evaluate the following limits :

_ 2x% -3 _ 8+x2
(@ lim — : () lim 3
X -0 4x3 + 5x x—o || X(X+1)
_ 4x-3 - 2x%-3
() lim ;@ lim S
X —>—00 X2 +1 X—)-oo4x +5X
(3) Prove that:
@ lim x3sini=0 , (b) lim xsinlzl
x—o" Jx X% X
(4) Evaluate the following limits (if exist)
. sin? 2x . tanx-—sinx
(@ lim , (O Im —m
x—0 X tan 4x X —0 x3
© lim 25NX . (d) lim sin3xcot 2x
x—>0 1-cosX x—0

§885898888
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I- CONTINUITY OFA FUNCTIONS

L fi () v
y =\f(x)
y = flx)
o/
-
] > > + >
¢ X X | ¢ x
Fig. (i) Fig. (i)

From the figure:

« Infigure (i) f(c)is undefined.
« Infigure (ii) f(c)is undefined but lim f(x) = f(c)

X—C
« Infigure (iii) lim f(x) doesn't exist.
X—C
« Infigure (iv) f(c)is undefined and lim f(x) =00
X—C

Then the function f(x) which is defined on open interval contain the point a is said to be

continuous if it satisfies the conditions in the following definition.

Definition : (3-2)

/ HEH HE o HE

The function f(x)is said to be continuous at a if it satisfies the following
-+~ conditions: e
i 1- f(x) isdefined at x=a ( f(a)is defined). N
i 2- f(x)hasalimitwhen x —a( lim f(x) is exist). A
X—a et
3 lim f(x)=f(a). ik
X—>a
. 5

NOTE

If at least one of the conditions in definition (3-5) not satisfied then the function is

discontinuous.
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Types of discontinuity:

e F% figure (i),(ii) the discontinuity called Removable Discontinuity . k.

** In figure (iii) the discontinuity called Jump Discontinuity

** In figure (iv) the discontinuity called Infinity Discontinuity.

In the case of Removable we can redefined the function to be continuous.

Example : 20
Show that the function f(x) =

x% -1

© x=1 IS not continuous, and redefined it to be

continuous.

Solution :

x% -1

From definition (3-2): lim =2 _isnotexistand f(2)

X—>1 X —

Then, the function can be written as following to be continuous:

L_l pox=1
fx)=1 x-1
2 px=1

Then. f(1)=2= Iimlf(x) which is a continuous function  sss
X—!

§959988888
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Limits And Continuity

The following figures give some examples for the types of discontinuity.

XS +Xx-2
x-1

) g(x)=

Removable discontinuity
defined g(1)

B

X

V) p(x)=

Jump Discontinuity

is un defined h(0)

doesn't exist lim h(x)
x—0

‘l

Removable discontinuity
limh(x)=3=h()
x—1

i ) h(x):%

Infinity Discontinuity
is un defined p(0)

doesn't exist lim p(x)
x—0
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Theorem : (3-11)

/f CEE T T e T e T T e T e e T T e T P o T e T e e e e T OE e PP SO T P PO SO PR RO SR R PR TP N

© 1- The polynomial f(x) is continuous for every real number i’
a(vaeR).
i+ 2- The rational function q= f /g is continuous for every real number 77
v except a whereg(a) =0.
i 3- The root function h(x) =/ f(x)is continuous for every real number :.:.
except a where f(a) <0.

Example : 21

x% -1

3

Find the points of discontinuity for the function: f(x) = 5
X" +X° -2

Solution :

X3 +x% —2x = x(x2 +X-2)=X(X+2)(x -1

Then the points of discontinuity is 0,—2,1 . ss
§99§888888
Example : 22
If f(xX)=v9— X , Sketch the graph of f and show that the function is continuous on

the interval [-3,3].
Solution :

The continuity will be discussed firstly on the open

interval (a,b) then we will discuss the continuity at Ay

a from the right and the continuity at b from the left. -

y=V9-yx
Since —3<a<3 limf(x)=limvy9-a’? =f(a) = 1
X—a X—a

Then f is continuous for a on the open interval (-3,3) y T,.) .,

lim fo0= lim Vo—x% =9-9-0=f(-3) R T R T
x—>—3" x——-3" +

lim f(x)= lim v9-x2 =4/9-9=0=f(3)
X—3" X—3~

Then , the function is continuous from the right at —3 and continuous from the left at 3

then, f is continuous on the closed interval [-3,3] . s

§885898888
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Example : 23
_ o _ x2 x>0
Discuss the continuity for the function: f(X) =
1 :;x<0

Solution :
The continuity will be discussed at x =0,
1- f(0) =0 (Condition 1 satisfied).

2- lim x?>=0=1= lim 1 then the limit doesn't exist(Condition 2 not satisfied).
x—>0* X—>0"

then, the function is not continuous at X =0. sss

§88888588888

Example : 24

Discuss the continuity for the following functions:
sin x - x>0 x2 +3x ; x<0
1 Xx=0 5 ; 0<x<?2

f(x) = ’ _Jx

(a) X2+X : 0>xXx>-1 ) (b) f(X) E 2<Xx<3

0 o x<-1
’ %J& © X223

Solution :

(@) we will discuss the continuity at the points x=0 , x =-1.

First : at x=0
(1) f(0)=1 (Condition 1 satisfied).

2) lim sinx=0= lim (x?+x), then, lim f(x)=0 (Condition 2 satisfied).
x—>0" x—0" x>0

(3) limf(x)=0-1=f(0) (Condition3 not satisfied)
X—0

then, the function is not continuous at x =0. . sss

Second :at x=-1
(1) f(-1)=0 (Condition 1 satisfied).
(2) Iing (x> +x)=0= lim 0 , then, lim f(x)=0 (Condition 2 satisfied).
x—>-1" . x—1

X—-1

(3) lim f(x)=0=f(-1) (Condition 3 satisfied) , then, the function is continuous at
X—>—-1

X=-1.ss
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(b) we will discuss the continuity at the points x=0 ,x=2 ,x=3.

First : at x=0,
(1) f(0)=5 (Condition 1 satisfied).

(2) lim 5=5=0= lim (x?+3x) then, lim f(x) doesn't exist. (Condition 2 not satisfied).
x—0" X—0" x—>0

then, the function is not continuous at X =0.. sss

Second :at x=2,

(1) f(2)=(x/2)=1, (Condition 1 satisfied).

(2) lim (x/2)=1=5= lim 5 then, lim f(x) doesn't exist. (Condition 2 not satisfied).
x—2+ x—2" X—>2
then, the function is not continuous at X =2.. sss

Finally :at x =3,
(1) f(3)=%\/3_ =§ (Condition 1 satisfied).

(2) lim 1\/3_=§= lim (x/2) then, lim f(x):§ (Condition 2 satisfied).
2 2 x—3 2

x—3T X—>3
(3) Ilim f(x) = 3. f(3) (Condition 3 satisfied)
X—3 2
then, the function is continuous at X = 3.. sss

§885898888

Try to solve:

Discuss the continuity for the following function:

| ]1 sinx ; Xx<0
Xx+1-1: x<0
@ f(x)= ’ , (b) - : n
(x) 052X 30 f(x) = 4 tanx ,0<x<2
2X ;xzE
2
sin 2x >0
_ _ X
(€) f(x)=[2x-9 @ ol
2
2X + X x<0

§885898888
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Example : 25
Find the value of k which make the following functions be continuous at x=0 .
sin 4x
X#0 M X#0 ; coskx #0
@ f(x)=1 3x . o f=1 x
k x=0 5k—2 :;x=0
Solution :
@) lim sin 4x _ lim ﬂsin 4x 4
x>0 3X x-»03 4x 3

The function is continuous if the third condition satisfied then , lim f(x)=f(0) = %z k
x—0

tan kx _ lim kltankx

X—0 Xx—0 kx

=k

(b) |

The  function is continuous if the third condition satisfied
k=(1/2)= Iirrgf(x)=f(0) = k=5k—-2.ss

§88888588888

Example : 26

Find the values of K, L which make the following functions be continuous at x =0 .

2
X“=x+1 X <0 x+1 x>0
ax2+6 X+4
@ f(x)=4L © x=0 , () f(X)=<k+1 ;x=0
x2 +sinkx a0 sihbx .o <o
X : X
Solution :
2 . .
@  tim XS i im kSR ko k
x—>0Jr X x—>0Jr x—>OJr X
. x% —6x+1 1
lim —— =%
x50~ 3X°+6 6
Since, the function is continuous ,then
1 . ] 1
lim f(x)— =k= Ilim f(xX) = lim f(x) ==
X—>0" Xx—0 x—>0 6

The function is continuous if the third condition satisfied then,

lim f(x)=f(0) = k==L
x—0 6
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CHAPTER 3 Limits And Continuity
b) gim X1 fim SN i L SN
x—0t x+4 2 ' x>0~ X X—>0" Lx

lim H@z%szlM1f@)£ﬂjW):%::

x—0" Xx—0"

The function is continuous if the third condition satisfied then,

lim f(x)=f(0) = 1=L=k+1 L=k=@1/2 =
Xx—0 2

§§8§85888888

Try to solve:

Find the values of k,L which make the following functions be continuous

-5sinx ;xs-E
2 k-x :x<4
(@) f(x)=<Lsinx+k ;—g<x<g , (b) f(x)=<1+2L ;x=4
T x& X>4
3+C0SX ; X>—
2
2,3
X2 cx>1 X+)|('X x>0
©f(x) =1L  Xx=1 @) f¥)=9x2-L i x<0

K +Dx-k ; x<1
2k

§88888588888
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Exercise (3-4)
(1) Find the points of discontinuity for the following functions:
x-1
@ f)=—5——

X—4
b) . =
X +X-2 - O fx) X2 —x-12
a4x -7 2
= f = —
(c) f(x) 1301 2x_8) ,  (d) f(X)=v2x-3+Xx

(2) Discus why the following functions are discontinuous and redefined it to be
continuous (if possible)

x*-9 X %3 sinx 40
@ f(x)=yx-3 . () fx)=1 x
4 ; Xx=3 0 ; Xx=0
1-cosx
3] -3 -
(C)f(x)z{lir | P () f(x)={ X0
2 P X=-3
1 ; Xx=0
(3) Discus the continuity for the following functions:
M X0 2X -2 w21
@ fpx)=4 X3 . (b) fx)=4|x-1]
1 ;x=0 0 ; x=1
243 ’ ’
Agigzgitj§4i:442541l3%, X > -1 2X -2 Sy 21
© fp9=1 , *73 . (d) F(x)=41x-1]
ZX ~2 Cx <1 0 ;x=1
X“=Xx-2

(4) Find the values of k,L which make the following functions be continuous

\Bx -5 —/3x +10 ok 24
X +1 ’ 7|X _2| ;X <2
X_
L
@ 109 =1= x=5 + ® f(x) =1L P X =2
10
7|x-5]
X <5 .
3 _125 k x ;X > 2
tan?x + 3xsinx <%0 xVx?2 +1 <0
(©) f(x) = x2 ! (@ f) =1 x| ’
K , x=0 2x2-3x+L x>0
1-/x 0<x<1 x3 pX<-1
©f=1x-1 '~ () f)={kx+L ;-l<x<l
k ; x=1 X2 +2 i x>1

§88888588888
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CHAPTER 4

DERIVATIVES AND
DERIVATIVES APPLICATIONS

I- DERIVATIVES

Derivatives are used to calculate velocity and acceleration , to estimate the rate of spread
of a disease, to set levels of production so as to maximize efficiency, to find the best dimensions
of a cylindrical can, to find the age of a prehistoric artifact, and for many other applications. In
this chapter, we introduce techniques to calculate derivatives easily and learn how to use

derivatives to approximate complicated functions.

Definition : (4.1)

The derivative of the function f(X) with respect to the variable x is the function

whose value at x is: f’(x):r!imow ; Provided the limit exists
-

I-1 Derivatives By Definition

The process of calculating a derivative is called differentiation. To emphasize the idea
that differentiation is an operation performed on a function we use the notation X f(x).
X

If we use the traditional notion y = f (x)to indicate that the independent variable x and

the dependent variable y then some common alternative notions for the derivative are as

- - d daf d
follows: T (X)=Yy :—y:—:—f(x):Df(x):Dxf(x)
dx dx dx
The symbols di and D indicate the operation of differentiation and are called
X
: - dy o . df
differentiation operators. We read d—as “the derivative of y with respect to X7, andd—,
X X

y= x?! 3(8x3 —5x+4) as “ the derivative of f with respect to x . The “prime” notations y' and

f come from notations that Newton used for derivatives.
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Example : 1
By derivative definition , findf’(x) if .f(x)= x2

Solution:

f(x) =x2 = f(x+h) = (x+h)?

_ 2 (2
f’(x): lim f(x+h)-f(x) _ lim (Xx+h)* —(x°)
h—0 h h—0 h
2 +h? . x2+2h+h?-x?
= lim —— = lim
h—0 h h—0 h

sss= lim 2x +h = 2x.
h—0
RINNNNNNNNSNS

Example : 2
By derivative definition , findf/(x) if. f(x)=2x+3
Solution:
£ (x) = lim f(x+h)—f(x)
h—0 h
Cim 2N o (2(x +h) +3)—(2x +3) »
h—0 h h—0 h
SSSHSSS8888S
Example : 3

Iff(x) =3x?>—-12x+8 by using derivative definition then :

a) Findf'(-2), f/(x)
b) The slope of the tangent to the curve at the pointP(3,—1) .

¢) The points at which the tangent of the curve is horizontal.

HINT
The slope of the tangent to the curve at a point is equal to the first derivative of the function

at this point.
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Solution:
a / i f(x+h)—~f(x)
) P rlulgqo h

= lim (80x-+ h)2 ~12(x + h) +8) - (3x? ~12x + 8)

h—0 h
. 6xh+3h%-12h .
= lim = lim(6x +3h-12
h—0 h h—)O( " ) w Ay

y=32 - 12r+ 8

f/(x)=(6x-12) .

f/(-2) =6(-2) -12 =24 -

b (%) o= 6x-12)] ;_ =6(3)-12=6

c) Since the tangent is horizontal, then the slope equal to zero.

ie. f/(x)=0 = 6x-12=0 = x=2and y=-4

.. The tangent is horizontal at the pointQ(2,—4), as in the following figure . s
§9598888888
Example : 4
If (x) =+/x sketch the graph of f(x) and find f'(x) .
Solution:

/ . \/X+h—\&
f'(x)=lim ———
h—0 h
_im Ix+h—vx JIx+h+x
h—0 h “Ix+h+x

_lim (x+h)—x
h=0 h (v/x +h ++x)

. 1 1 1
_fllﬂ]o(\/x+h+«/§)_«/§+«/§_2«/§

888

Example : 5
Prove that: f(x) =+/x is not differentiable at x =0.

Solution:
im fO+N-f(©0) Jo+h -0

= lim ————
h—o™" h h—0" h

vhooo 1

= lim —=lim —==w
h—0™ h haO"'\/F

Since the limit is not finite, there is no derivative at x = 0.Then, the graph has a vertical

tangent at the origin
NN
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Example : 6
Prove that the function f(x) = x| is not differentiable at x =0
Solution:

im FO+M—F(0)

h—0™ h
= lim w: lim le
h—0" h h—0™ h
i FO+h)—f(0)
h—0" h
= lim w: lim mz_l,
h—0" h h—0"

.. the function f(x) 5 x| is not differentiable at x =0
RSN

Try To Solve

(1)For the following functions find:

a) The first derivative £,
b) The equation of tangent for the curve at the pointP .

c) The point Q at which the tangent is horizontal.
(O)f(x)=3x2-2x-4; PR4) , (i).f(x)=x3-4x-4; P(2,0)
(2) For the following functions: prove that the first derivative f/ doesn't exist at the given

Numbera
(@ f(x)gx-5|; a=5 , (b f(X)gx+5|; a=-2

S9998898888

Theorem : (4-1)
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I-2 Derivatives By Rules

RuLE :1

** |fare constants. m, b, where f/(x) =m ,then f(X)=mx+b
** If f(x) =b, then f/(x)=0 , where b is constant

f(X) | 3x—7 | —ax+2 | 7x | 12 |13
f/(X) 3 -4 7 0|0

RuULE :2 (Power Rule)

%% 1fneQandf(x)=x": x=0, thenf’ (x) = nx"?,
** If f(x)=cx", then f/(x)=(cn) x" ! .

ed.
3 10
f(x) | x 5x!0 | 1_1 2 _iz 10 _%0
X X
flox) | 3x® | 50x° | _y2__ 1 | _op3__ 2 | _joxti %
x? x3 X
ed.
f(X) \/;le/Z 3lx2=X2/3 1 :X_5/4
4[5
X
flx) |12 1 |2 3_2 1 =5 94 _=5 1
2 2.Jx | 3 3 3x 4 4 4fy9
eq.

» D,(3x")=(3.7)x5 =21x°

» D,Gt?) =512ttt =60t

> 1(4)(3/2) — (4.§)X1/2 — 6Xl/2
dx 2

> 9 (2rt)—o(ayS- gr5-"8
dr r5

» D, (x)] ¢ =3x%], 5 =3(5%) =75

> D, (93|, =9.(4/9x13| ; =12(8"%) = 24
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I-3Higher Order Derivatives

. The Higher order derivatives .
i derivative symbols .
L 00, 1700, 87 00, F D (x),.., T (x) Fx
t **D,y,Diy,Dyy, Dgy... DYy i
*x y/,y//,y///’y(4)’m’y(n)
: wx Gy d’y Py dly d"y o
i dx dx? dx® dx*  dx" ]

Example : 7

Find ™ (x) for the function f(x) = 4x>/2
Solution:

f(x)=4x%? | then
> . f/(x):4.(g).x1/2 = 6x1/2

>t (x)= 6.(%)x‘1/2 =3x Y2

>. (O 23(_%))(—3/2 =_§X—3/2

2
> F@ ey 3 (352 9 52
(x) 2( 2) 2
FINNNNNNNN

Theorem : (4-2)
let f,gare two differentiable functions, ¢, m,bare real numbers and nis a rational

number then:

D, [ef5]—c D,f(4

= (2 Dy[f()+9(x)]=Dyf ()£ Dyg(x) =F' () £g' (x)
- (@ Dy[f(9.900] =009’ 00 +900 ' ()

o D{f(x)} _ 9001 (91090’ )

T wp 7

g(x)
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Example : 8
Find the first derivative for the following functions:
2 pa— f—
@F()=2*-53-4 , B)h()=(C+)2x2+8x) , (¢) k(x):w .
4x° +5

Solution:

@f(x)=2x*-5x3-4 =

=8x3-15x2 f/(x)=(2.4)x3-(5.3)x*> .. 5

() h(x)=(x3+1) (2x% +8x) =N
%f/_J T
h (x) = (x3 +1). [4x + 8]+ (2x2 +8X) @ﬂ

= 4(x3 +1)(X +2) + 2X(x + 2).3%

h(x)=2x+2)x3+2) . «

f
/—J%

3x% —2x -4
(© k(x)=""""0
4x“ +5
%/_/
g

g ) f /
- X+ M—(?,x_i —2x—4)Eg§]
_4x2+5_
g2
_ 2(4x% +5)(6x —2) —8x(3x? —2x — 4)
- (4x2 +5)2 '

§9898888888

k' (x)

8§88

Example : 9
Find an equation for the tangent to the curve:at the point (1,3) y=X+(2/X)

Solution:

The slope of the curve is dy =1+ 2(_—5).
X

dx

d
Theslopeat x=1is L4

=[l—_—22} =1-2=-1.
dx x=1 X" dx=1

-3 ]
Then, the equation of the tangent through the point (1, 3) with y_l =-1is m=-1

= y=-x+4 = y-3=(-D(x-2)

S9988888888

75



CHAPTER 4

Derivatives And

Derivatives Applications

-4 Derivatives Of ATrigonometric Functions

Many of the phenomena we want information about are approximately periodic

(electromagnetic fields, heart rhythms, tides, weather). The derivatives of sines and cosines play

a key role in describing periodic changes. This section shows how to differentiate the six basic

trigonometric functions.

RuLE:3
/@.E...g...g...g...g...g...g...E...E...E...E...E...;...5...5...3...g...g...g...E...E...E...E...E...;...5...5...3...3...g...g...E...E...E...E...E...;...
£
@ Dylsinx]=cosx , @ Dylcosx]=-sinx
L (3 Dy[tanx]=sec?x , @ Dylcotx]=—-csc?x
+ 5 Dyfsecx]=secx.tanx , (6 Dy[cscx]=—cecx.cotx

f(x) =sinx,f(x+h) =sin(x +h)

. sin(x + h) —sin x
lim
h—0 h
_ lim sin x.cosh+ cos X.sinh—sin x

h—0 h
.. cosh—-1 .. sinh
= lim sin x + lim cos Xx ——
h—0 h h—0

sss = SiN X.(0) +cos X.(2) = cos x.

f/(x)= lim f(x+h)—-T(x) _
h—0 h

2)

f(x) =cosx,f(x+h)=cos(x+h)
f’(x) _ lim f(x+h)—~f(x) _ lim cos(x + h) — cos x
h—0 h h—0 h
_ im S5 X cosh—sin x.sinh—cos x
h—0 h
. cosh-1 . . sinh
= lim cos X. —limsinx——
h—0 h h—0 h
=CoS X.(0) —sin x.(1) = —sin X. sss
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3)
£/ (x) = COSX.CO8X —sin X (=sinx) _ cos? x +sin? x
cos? x cos? x
1
. = — =sec? x
cos? x
4) Dy [cot x] = —csc? x
COS X
f(x)=cotx =——
SIN X
£/ (x) = SN X(sin x) —cos x.(cosx) _ - (cos? x +sin? x)
sin? x sin? x
-1
=———=—csc? x.
sin? x
5)
f(x) =secx=——
COS X
f/(x)_COSX'(O)_(_Sin X) _ sin x _ 1 sin X
cos? x cos?x COSX COSX
sss. = SEC X.tan X
6)

f(X) = csCX = 1

sin X
1:/(X):sinx.(O)—(cosx):—cosx: -1 cosx
sin? x sin2x  sinx sinx

gss. = —CSC X.COt X.

§9998888888
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Example : 10
Find the first derivative y’ for the following functions:
sin X
1+ cosx

@)y=secx.tanx , (b)y=2xcotx+x2tanx , (c) y=
Solution:

(@ as: y=secx.tanx =

y/ =sec x.lsec2 xJ+ tan x.[sec x. tan x|

=Sec x.[sec2 X + tan? x].§§§
(b) as: y=2x.cotx+x2 tanx —
y = (Zx.(— csc? x) + cot x.(2))+ (xz(sec2 X) + tan x.(2x))

y/ = 2(—x.c5C% X +cot X) + X(X.5ec? X) + 2tan X) .sss

sin x
1+ cosx

(c) as: y=

I _ @+ cos x)[cos x] —sin X[—sin X]

(1+cosx)?

2 .2
2 .
_ 1+ (cos x+5|2n X) _ 5 558 {as: sin®x+cos’x=1}
(1+cos x) (1+cosx)

S9998898888

Example : 11

Find the equation of normal line on the curve y =tanx at the point.. P(% 1)

Solution:

- | I %4
y' =sec’x =m,

The slope of tangent: mp = sec?(n/4) = (\2)? =2. E

The slope of normal  m | =-1/m, =-1/2 | T

=Y

—a

Then, the equation of normal is:

1 T 1 T
-l=—(XX——) = =——X+—-+1.
y 2( 4) y=-3 3 sss

I
|
|
|
|
r
[
| VP
i
1
[
|
|
|
|
|
|

I 1
i |
i [
1 |
| |
| |
I |
| |
[
} +
| |
A
| 1
| |
| 1
I |
| |
! [
I |

S9998898888

78



CHAPTER 4 Derivatives And
Derivatives Applications

Exercise (4-1)

(1) Use the definition of the derivative to find the first derivative for the following functions
(a) y =5x° — 4x . (b) k(x) =3-2x?

(2) Find the first derivative for the following functions

@ y=5x-4x® o) k(x) =X (Bx* ~5x + 4)
8x?% —6x +11 X2 - 3x
h(X)=——— , () k(x)=
() h(x) Ax—1 (d) k(x) 2
(e) y=(x+cscx).cot x , (P y=(sinx+cosx)2
(9) y=.; , () y=3x25ecx—x3.tanx
sin x.tan x
. . _ 1+sec(-x)
(i) y =sin(—x) + cos(—x) . (y=——""t
tan X +sin X

{ Hint : sin(—x) =-sinx , cos(—x)=cosx , tan(-x)=—-tanx }

(3) Find the equations of tangent and normal lines for the following curves at the pint P
5

@ f(X)=—>" ; P(-2) , (O y=3x?-2Jx ; P(4,44)
1+X

(c) f(x)=secx ; P(g,f(g)) , (d) f(x) =cscx+cotx ; P(g,f(g))

© f(x)=x+2cosx ; P00) , (f f(x)=x+sinx ; P(g,f(g))

(4 YFind y' for the following functions
(a) y:6x4+2cosx , (b)y:16‘\1/F , (© y =SecX

S9998898888
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I-5 Chain Rule

We know how to differentiate y =f(u)=sinu and we , but how do u=g(x)=x? -4

differentiate a composite like F(x) = f(g(x)) = (sinx? —4)? .
The differentiation formulas we have studied so far do not tell us how to calculate

/ . . . o
" (X) So how do we find the derivative ofhain Rule, wer is, with the C? The ansF=fog

which says that the derivative of the composite of two differentiable functions is the product of
their derivatives evaluated at appropriate points. The Chain Rule is one of the most important
and widely used rules of differentiation. This section describes the rule and how to use it.

eg. :
as, then sin2x = 2six.cos X
Dy sin2x =D, (2.sin x.cos X)
f g
= 2.sin X.[ (-=sin x) + (cos x).cos X ]
— e L I

f
o f 9

=2. (—sin2x+cos2 X):2C082X s { as: cos2x = (cos® x —sin? x) }

Then : Dy Sin2X =2C0S2X. s
** \We can use the following note to evaluate D, sin2x:

If: y=sinu=f(u) u=2x=g(x) ¢

then, ,and  y=sin2x=f(g(x))=fo-g

d du d
y =Y cosu=t'0) M-2-¢'0 , Y-(fog)(x)
du dx dx

Dy (sin2x) = D,f(g(x)) = cosu . 2,
i
= 2C0S 2X . sss

Then we noted that: d_y = d_yd_u which called chain method.
dx du dx

RULE : 4 (Chain rule)

If y=f(u), u=g(x) and y d_u‘ exist then,
du dx
gy _dy du_
dx du dx

f/(g(x))g’ (x)
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Example : 12

Find y/ =%for the following functions
X
y =u
(@) x=a(u-sinu) ; y=a(u—cosu)

(b) u=x%+1

Solution:

@ = x=a(u-sinu); y=a(u—cosu)
p_dy _dy du

dx du dx

d—X:a(l—cosu) : d—y:a(1+sinu) =
du du

Using the chain rule: 'y

y/ :y_d_u:a(l_{_ sinu).——

du dx a(l—cosu)
p_d+sing)
(L-cosu) ;

(b) Ifweput: weget yin u=x2+1
y=+u=vx?+1=(x?+1)2 SOy =

Or, by using chain rule
d_y — d_y d_u = (lu_l/zj.(ZX)

dx du'dx \2
y/ X X
=== - 888
Ju x? +1

S99998898888

RuLE :5
- IfneQ,y=u" ,u=g(x) rational number) then : &
: D, (u")=nu"*.Du -
~ which is equivalent to the following relation: ™
: D, [g00]" =nfg(0]"™. o' () :
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Find y’ = 3— for the following functions :

(@y= (4x2+§5x 7 . (b)y=0x+1532x-5 . (c) y=cos® x~/secx
Solution:
€)) L = y:(4x2 +6x—7)‘3

)/ =
(4x2 +6Xx —7)3

Sy =-3.4x% +6x-7) . (8x +6) .

(b) y=(Ex+1)"(@x-5"* = y=(x+)°.¥2x-5
If :f(x)=(3+)°, h(x)=(2x-5"*

y' =(3x +1)6.E (2x—5)‘2’3(2)}+ [6(3x +1)5.(3)] 2x-5)Y% .

(c)y =(cos x)3 .(sec x)l’ CEEEN y= cos® x/secx
If :f(x)=(cox)® , h(x)=(secx)"?
y/ = (cos x){% (sec x)‘ll 2 (secx.tan x))

+ (secx)Y? (3(cos x)? (=sin x)). s88

RSN
Theorem : (4-3)
I e e ?‘\?\\
i If u=g(x) and g is differentiable then : .
+ @ Dylsinu]=cosuD,u , @ Dy[cosu]=—sinu.D,u
(3 Dyftanu]=sec?uD,u , @ Dylcotu]=-csc?uDyu
(5 Dylsecu]=secutanuD,u , g Dy[cscu]=—cscu.cotuDu -
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Example : 14
Find tionsng funcfor the followi y’ = 3—){
@y= s,in(x2 +3x) , (b)y=tan(secx) , (c)y=cos VX +cse3x
Solution:
@)y’ =cos(x? +3x).[2x+3] .. = y=sin(x?+3x) . s
(b) y = tan (secx) = ..y =sec?(secx).[secx.tanx] . s

(c) y =cos+/x +csc3x
Let: u=~/X+csc3x = (X +csc3x)Y?

D,u= %(x +csc3x) Y2 [1-3.csc3x.cot 3x]

y’ =-—sin X+C‘503X.[%(X+QSCBX)_llz.[l—3.CSC3X.COt3X]j oSS

RRNNNNNNNNNY
Example : 15
For the curve, find the points at which the tangentis y=cos2x+2cosx ; 0<x<2m :

horizontal

Solution:
= (—sin 2x)D, (2x) + 2(-sinx) D,y = D, (cos 2X + 2cos X)
=—25in 2xX — 2sin X

The tangent is horizontal if (D,y=0)

sin2x+sinx=0 < —-2sin2x-2sinx=0
(as: ) sin2x=2sinXx.cosX
sin2xX +sinX =2sinX.cos X +sinx =0

= sinx(2cosx+1) =0
= sinx=0 v (2cosx+1) =0

i) When sinx =0 then the valuesof x are 0, , 2n

i) When (2cosx+1) =0 < cosx=_%

then the values of x are %n an

3
XE{O , E ,R,E,ZTE} .o
3 3

§9998888888
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1-6 Implicit Differentiation

Most of the functions we have dealt with so far have been described by an equation of

the form that expresses y = f (x) explicitly in terms of the variable x. We have learned rules for

differentiating functions defined in this way. Some situations occur when we encounter

equations like: y2—x=0, x2+y2—25:0 ,.x3+y3—9xy:0

These equations define an implicit relation between the variables x and y . In some cases
we may be able to solve such an equation for y as an explicit function (or even several

functions) of x. When we cannot put an equation F(x,y)=0 in the form y=f(x) to

differentiate it in the usual way, we may still be able to findj—y by implicit differentiation. This

X

consists of differentiating both sides of the equation with respect to x and then solving the

resulting equation for y\. This section describes the technique and uses it to extend the Power

Rule for differentiation to include rational exponents.

Example : 16

Find y' for the implicit function 1 y* +3y—4x® =5x +1
Solution:

4.y3.y/ +3y/ :(12x2 +5)
/
= (4y® +3)y =(12x® +5)

2
/:w s
(4y* +3)

RINNNNNNNNSNS
RuLE :6

CIf f(x,y) =0 is an implicit function then :

Dy (y")=n y".D,y=ny"y/
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Example : 17

Find y/ for the following functions
(@) 4xy> —x?y+x3 —5x+6=0 |, find the slope at the point (1,—1) ,
(b) y=xZsiny
Solution:

(a) 4xy3 —x2y+x3 -5x+6=0
= (4y° +4x.3y2y/) —(2x.y+x2y/) -5x=0
= (12xy2 —xz)y’ = (—4y3 +2xy—3x2 +5)

; (—4y® +2xy —3x? +5) "

L2y ? -x?)
 (-4y® +2xy -3x2 +5) 4

d
Ly - 11
(12Xy 2 - X 2 ) 1,-1)

888

The slope: m—_y

(b) y=x2siny = y/ =2xsiny+x2cosyy’
=1-x?cosyy’ =2xsiny

2x.sin
/ = 2—y - 88§
1-x“cosy

S9998898888

Example : 18

Find y/for the function xy =tany
Solution:

Xy =tany = x.y/ +1y= sec2 y.y/

(x—sec’y)y =y = y/ =-ylx-sec’y) . «

Example : 19
Find y/for the function x2 +./sin y —y2 =1
Solution:

2X + ! y/—2y>/=0 = X2+ fsiny-y? =1

2,/siny

1 /
=yl oo Loy = —— -2y |y =-2X . s
y [leiny y 2 Siny

§9898888888
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Exercise (4-2)

() Find y/ for the following functions :

@)y =(Tx+Vx*+3)° C @yl
(3) y=@Z2-9x+8)2° (@) y=U8x’+27
(B)Yy= sec® 2x ,  (6) y= tan® 4x
(7) y =sec(2x +1)° ,  (8) y = /Sin 6X.4/C0S X
(9) y = (sin3x + cos 3x)2 ,  (10) y= cot(x3 -2X)
3

sec” X 2X+3

(1) y= , (12) y=
1+CSC2X 5114)(2_'_9

(13) y= . cossi:zx , (14) y =tan3/5-6x
(15) y = (sin 3x + c0s 3x)? . (18)  y=cot(x® -2x)
(17) y =sin JX ++/sinx ,  (18) y = sec[ sex 2X]

(1) Find y’for the following functions using the chain rule
t+1

(1) x=—; y=t2+1 ) x=2t; y=t>+3
(3) y=tan3u ; u=x2 , (@) y=1/u; u=+3x-2
(5) x=acos2t?; y=bsint , (6) y=usinu ; u=x3

(1) Find y/forthe following implicit functions

(1) 5x2 +2x2y+y2 =8 , ®)) X =sin(xy)
(3) sin?3y=x+y-1 C (8 xFraxdy? -3y +2x=0
(5) Vx+,/y=100 , (6) y2 +1=x2secy

(IV) Find y" for the following functions(if exist)

(1) siny+y=x , 2 x2y3:1
() x3-y3=1 , (4) 5x°-2y?=4
(5) cosy=x : (6) xy2+3y=27

§9898888888

86



CHAPTER 4 Derivatives And
Derivatives Applications

I-7 Derivatives Of A Logarithmic Functions

In this section we will discuss the relation between the general log, x and natural In x
logarithmic function and the rules of derivatives for them.
The general logarithmic function denoted by log, x ,where a € R™and called the general base
of the logarithm, if a is equal to the natural base and called log, x =InxWe get, e~2.71828

natural logarithmic function .

There exist different between the numerical value of them shown in the following
algebraic relation:

First, we will introduce the rules of differentiation for the natural exponential function

and using the previous relation the general exponential function can be differentiate.

RuLE :7

If g(x) is differentiable then:
LW D g =g’ g0 >0

. 9(x)

@ Dylnjg)=—— 0’00 ; 9(x)#0

.. g(x)
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Example : 20
If f(x)= In(x2 —6) find f/(x)

Solution:
f/(x) = D, In(x? —6) = 21 .D, (x% - 6)
o X796 /
g g’ ®
1 2X
f/(x) = 5 (2X) =— s
(x°—6) (x°—6)
888888588888
Example : 21

If y=Invx+1 find y'.
Solution:

y/:iln\/x+1: 1 d X+1
(j)( Y

e X +1 dx
=\/x1+1%(x+1)_1/2
/ 1 1 1 1

Y T AL 2 Ixal 2x+p C ©
888888888888

Example : 22

If £(x)=In(4+5x—2x%) find f/(x).
Solution:

f/(x) = D, In(4+5x — 2x3)
%,—J

9(x)
1

= D, (4+5% —2x°)
(4+5x —2x3) X

1
- (4+5x—2x3)

(5-6x2)

2
f/ _ (5—6X )
) (4+5x —2x3)

888

§88888588888

88



CHAPTER 4 Derivatives And
Derivatives Applications

Rules For Natural Logarithmic Function

5;:;;: Ifp>0, g>0 then:

(1) npg=Inp+Ing , (2) Ingzlnp—lnq , (3) Inp"=rInp

e.q.
f(x) f(x) f/(x)
Using log rule
1 3
» In[(x +2)(3x - 5)] In(x + 2) + In(3x —5) T + x5)
> In-X+2) In(x +2) — In(3x —5) L 3
(3x-=5) (x+2) (3x-5)
> In(x2 +2)° 5In(x? +2) 51— 2x
(x“+2)
» Iny(x+2) lIn(x+2) i 1
2 2 (x+2)

Example : 23
If £(x) = In|/Ex—1(4x +5)° ] find ' (x).

Solution:

£(x) = In|(6x ~1)* 2.(4x+5)3J:%In(6x—1) +3In(4x +5)

f’(x):l. ! 6431 4
2 (6x-1) (4x+5)

3 1
~(6x—1) (4x+5)

§88888588888

§§§

Example : 24
2
X" =1 g W
X< +1 dx

If y=In3

Solution:

2 1}/ 1 2_1) 1
y=|n(X _j =—|n(X - J:§(In(x2—l)—ln(x2+l))

x% +1 3 | x%+1

ﬂ:l 1 2% — 1 2% :2_X 1 — 1 = 4x B
dx 3((x2-1)  x%+1) 3 ((x?2-1) (x%+1) 3(x*-1

§88888588888
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Example : 25
If _6x-49° find  D.y.
Y= xat x)
Solution:

Take the natural logarithm for both sides:

3
Iny=In%=3ln(5x—4)—%ln(2x+l)
Differentiate the both sides:
1., 1 1 1
v’ T GBx-4)" 27 (2x+1)
- y,:y{ 15 1 }
5x—-4) (2x+1])

D ov_vl _ (5x — 4)° 15 1 \
ST Tkt [ 6x-4) @x+n]

Theorem : (4-5)

- In x 1
. (1) Dylog, x=D,|— |=—D.,|Inx
© () Dylog, x[lna:| —Dy[inx]

" @ D, Iogaf(x):DX[Inf(X)}:iDX[Inf(X)]
Ina a

Example : 26

If f(x) =log 3/(2x+5)? find f'(x)

Solution:
f0)=log Y(2x+8)? = /in Y(@x+57
1
:m[ln (2X+5)2/3]:ﬁ{§m (2x+5)}
(=D, 1= 25D 5In (@x+9)|

= 1 E; 2 = 1 4 88§
In10] 3" (2x +5) In10 ] 3(2x+5)

§88888588888
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Example : 27

6X +4 . /
If f(x)=1 find f
(x) =logs | — (x)
Solution:
6x +4 1
= =——(I 41—-1In|2x —
f(x) = logs 3 In5(n[6x+] n[2x —3])
f/(x)zi( 6 __ 2 j IR
In5{ (6x+4) (2x-3)

§88888588888

I-§ Derivatives Of Exponential Functions

Theorem : (4-6)

(1) nef™ =f(x) ; Vv xeR
@ M —f(x) ; Vv xeR
7 (3) Ine=1

e..
> e =5x , » he®t=yoxs1 , » e8I =™ —x

Rules Of Natural Power

i~ If p, q are real numbers and r is rational number :

(i) ePed=eP | (i) %:epq , (i) (eP) =eP'
e

First we will introduce the rules of differentiation of the natural exponential function (e*).

Theorem : (4-7)

Theorem : (4-8)
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Example : 28
2

If y=e""*1 find.y/

Solution:
() t/ (x)
y/ :d_y d \/x +1 _ \/x2+1i(X2 +1)1/2
dx dx dx
/(%)

[ 2
=V +1%(x2 +1)72 2x

2 X2+1

eVx“+1 X Xe
= . == - 888
Vx2+1 Vx2+1

§88888588888

Example : 29
If y= eV* X find.y’
Solution:

1/2
—eVX ifeX —eX

+ (eX )1/ 2

1/2
y/ :eX .DX(X1/2)+%(EX)—1/2.DX(eX)
1/2 1 1 .
=eX 5 X 12 +—(ex) 2 (e*.1)
eVx 1
e
“odx 2
888888888888
Example : 30
If y = eI fing.y/
Solution:
y=elnsindx v/ _ 5c055x = y=sin5x
888888888888
Example : 31
If y=In(csce®) find.y’
Solution:
= In(csce3x) = y/ :(CSC—:LeSX).DX(Cscegx)
/= ( 13)() (- csce X cote¥ g3 3) =-3e¥ cote
CSCE

§88888588888
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General Exponential Function (a¥)

If a>0, b>0 and u , v real numbers then:
D atat=a"" @ @")'=a", @ (@)'=a""
aU  u—v a u u

Gt - (Fj v .

Example : 32

2
If y=x?+1)P+10*"*1 find y/
Solution:

2
y =%+t + 10*"+

l l

2
y' =10.x2 +D%.2x) +  10°(2%).In10 .

§88888588888
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Differentiate Function Of The Form

We will apply the following steps:

1- Take natural logarithm for both sides of the equation:
Iny =In{f(x)}9 = Iny=g(x).In{f(x)}

2- Differentiate the both sides:
Dy Iny = Dy [g(x).In{f (x)]]

1o/ | 1
= ;.y —{g (x).In{f(x)}+f(X) f (x).g(x)}

3- Multiply the both sides of the equation by yand replace it from the question:

Il 1y
y —y[g (). In{f ()} + 00 f (X)-g(X)}

I 9 | o/ 1
y' = {f(x)} .[g (x).In{f(x)}+f(X) f (X)-Q(X)}

Example : 33
If y=(cos2x)* find. y/
Solution:

Take (In) for both sides
Iny = In[(cost)XJ = Iny=x. Incos2x
u

%,_/
\%
1 1 .
= =Yy =X . (-2sin2x)+ 1 . Incos2x
y T Cos2X T T

u

/

Vv

=y’ =y|]-2xtan2x + In cos 2x]

=y =(cos2x)* [-2xtan2x +Incos2x] . s

§88888588888
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Exercise (4-3)

() Find f’(x) for the following functions:

1) fx)=InVx +Inx Q) f(x)=%+m§
Vx® +1 4+ x?

f =I D) ] f :I
(3) (x) n(9x—4)2 4 f(x)=In P

2
() fx)=log, | T=X

, (6) f(x)=logzInx

(1) Find f’(x) for the following functions:

(1) f(x)=Incose™ . (2 f(x)=8"cos3x
()  f(x) =InelnGx+D C (4 fx)=e*+@/eX)
(6)  f(x)=sec’(e™) . (6) f(x)=eX!"™

(7)) f)=veX+e™ . (8) f(x)=5+(3x)°

(9)  f(x) =csc®32% . (10) f(x)=1/(sin®87%¥)

(1) Find y/ for the following functions:

(1) y=(sinx)® . (2) y=00%+107%)*
@ y=x°+e" @ y=2
(6) y=(x*+D* . (6) y=x""

§88888588888
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IN-DERIVATIVES APPLICATIONS

I1-1 Maximum And Minimum Values Of A Functions

In many applications, it is useful to determine where a function takes its maximum
and minimum values.

A function f has local maximum (or relative maximum) at
x = x, if there is an interval around x,0n which f(x,) = f(x) for all x in that interval, see

Figure . A function f has local minimum (or relative minimum) at x = x, if there is an

interval around x, on which f(x,) < f(x) for all x in that interval, see Figure

Saddle Point

/ A Local Minimum

Theorem : (4-9) (The Extreme Value Theorem)

If a function f is continuous on closed interval [a, b], then f contains its absolute

maximum and absolute minimum at some points in [a, b].

Definition : (4.2)
A critical number of a function f is a number c in the domain of f such that either

f/(c) =0 or f/(c) does not exist.

Theorem : (4-10)
If f has local maximum or minimum at number X = C, then f/(c) =0 or f/(c) does

not exist.
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y = flx)

f{a) is a local maximum

f(h) is a local minimum

f'(x)>0 f'(x)<0 f'{(x)>0

|
|
|
I
|
1

|~ T ——

>
Y

Show local extrema of a function

The Closed Interval Method

Guidelines for finding the extrema of continuous function £(x)on [a, b]
1. Find all critical of f(x)on (a,b), i.e. the points at which either f/(¢) = 0 or f/(c)
does not exist.
2. Calculate f(c)for each critical number ¢ found in step 1.
3. Calculate the endpoints values f(a)and f(b).

4. The absolute maximum and minimum values calculated in step 2 &3.

Example : 34
Find the absolute maximum and absolute minimum of the function

flx)=2x*+3x*—12x—7 on -3=x<=0

Solution:

Since f(x) is continuous on R. We can use closed interval method
fF)=2x3+3x—12x—7 - f/(x) = 6x% + 6x — 12
Since f£/(x) exist for all X, the only critical numbers of f occur when
fllx)=0—-(x+2)(x—1) =0 - x = —2 and x = 1. Of these, only x = —2 lies in the
interval —3 =< x < 0 . Compute f(x)atx = —2 and at the endpoints x = —3 and x = 0
f(=2)=13 f(=3)=2 f0)=-7
Then the absolute maximum of f(x) on interval —3 < x < 0 is f(—2) = 13, and the absolute

minimum is £(0) = —7.ss

§§8§8§888888
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112 Increasing And Decreasing Functions

Definition : (4.3)

The Increasing and Decreasing Test (1/D test)

45'"IEI"El"E"'E"IEI"El"E."E"IEI"El"E".E"IEI"El"E"'5"IEI"El"E".E"IEI"5."5."5".5."5."5"'5"IEI"El"E".E"IEI"El"E".5".5."5."5"'5".5."5."5."5".5."5."5".5"%
i Let f(x) be continuous and differentiable on [q,]
i. f/(x)> 0 for every x in (a,b), then f(x)is increasing on [a, b]
- il.f/(x) < 0 for every x in (a,b), then f(x)is decreasing on [a, b]
Q...E...é...é."§".g...é...é...E...E...E...E...E...E...é...é."§".g...é...é...E...E...E...E...E...E...é...é."§".g...é...E...E...E...E...E...E...E...é...é."§".g...é...E...E...E...E...E...E..jy
>
s | L0 7

£ J

! \ '

y ll'l\ I|II

P
|II N |/ =

Ear - il e s | A s
Fangeases [ decreases | [ increases

I
_.""l.'a__ll-'f ] = J =0

Increasing and decreasing function

Example : 35
Find where the function f(x) = 3x* — 4x® — 12x? + 5 is increasing and where is decreasing.

Solution:
Applying the (I/D test), we have

flx)=12x*—12x*—-24x =0
= =12x(x*—x —2)=0-x(x—-2)(x+1) =0
Then f/(x)=0atx=0,x=—-1&x=2

The following table shows exactly the increasing and decreasing intervals of the given function

intervals | (—o0,—1) [-1,0) [0,2) [2,00)

Sing f/(x) | -ve +ve -ve +ve

f&x) decreasing | Increasing | decreasing | increasing
555555558558
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Definition : (4.43) (The First Derivative Test)

Let 7(x) be continuous and C is critical number of , .
i *x |f £/ changes from positive to negative, then f has a local maximum at C
i ** |f £/ changes from negative to positive, then f has a local minimum at C

== If £/ does not change sign at C, then f has no local extrema at C

Example : 36
Finding Local Extrema of the function

flx)=2x*+9x% — 24x— 10
Solution:
Applying the (I/D test), we have
flx)=6x>+18x—24=0
=6(x?+3x—4)=0->(x+4)(x—1)=0
Then f/x)=0atx=—4& x=1
The following table shows exactly the increasing, decreasing intervals of the given function and

local extrema points.

intervals (—oo,—4) | [-4,1) [1,00)

Sing £/(x) +ve -ve +ve

) increasing | decreasing | increasing
Then x = —4 is local maximum and x = 1 is local minimum. sss

§88888588888

Curve Sketching

Some particular aspects of curve sketching, domains, range, symmetry, limits,
continuity, extreme values, I/D test, and first derivative test. In this section, we put all this

information together to sketch graphs that reveal the important features of the function.
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Example : 37
If fF(x) = X3 (8— x) find its local extrema of f(x) and sketch its graph

Solution:

Stepl: find all Critical numbers of £(x)

2 2
3x3 3x2

i -2 _ _ _
We have f;(x)z_x;Jréx;(g_x) _ —3x+B-x _ —4x+8

So f/(x) = 0 if x = 2&f/(x) does not exist when x = 0

Thus the critical numbers are x = 0 &2 ss

Step 2: Apply the first derivative test that is

intervals (—o0,0) [0,2) [2,00)
Sing f/(x) | +ve +ve -ve
) increasing | increasing | decreasing

the first derivative test implies that £ (x) has local maximum at x = 2, and does not has any
extrema at x = 0 sss
Step3: Sketch the graph

i.  Find the x — intercepts of the function, i.e. the points at which y =0

1
:(8—x)=0-x=0&x=8
ii.  Plot the points corresponding to critical numbers x = 0 &2

That the graph has a vertical tangent at (0,0) ss

§88888588888
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Exercise (4-4)

I. Find the absolute maximum and absolute minimum if they exist of the following functions
1 fx)=x*—3x2+1,— ziixi:f—l:

2.f)=x2+21<x<5
X
3. flx)=3x*—16x*+18x*,—1<x <4

§§8§85888888
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CHAPTER 5

INVERSE TRIGONOMETRIC AND
INVERSE HYPERBOLIC FUNCTIONS

In this chapter, we will retrieve the definition of inverse trigonometric_functions,

which have already been studied in the trigonometry course, and then introduce the derivative

and integral laws of these functions, which help in the study of some physical applications such

as determining the angle of fall of light on the surface and study the rate of change in the angle
of fall and Effect on light intensity.

Also , a definition hyperbolic_functions, which has a behavior very similar to

trigonometric functions , BUT ,different from them as they can not be represented on a triangle
but study for their important applications in physical and engineering applications such as

determining the velocity of an object in a resistive medium such as water or air

| INVERSE TRIGONOMETRIC FUNCTIONS

I-1 I nverse Trigonometric Functions Overview

Trigonometric functions are not one to one functions, so inverse functions can not be found, but by
putting some limitations on the domain of these functions we can then define the inverse of
these functions, and also study the laws of differentiation and integration of the inverse

trigonometric functions.

Definition : (5.1) (inverse sine ) o

y = arcsin X //

The inverse sine function is denoted by sin1x or , : /.
(arcsinx ) and it is defined by : y=sinx
y:sin‘lx < x=siny V-1<x<1 , —n/2<y<n/2 A i
// 4
NOTE vt
** the inverse sine function sin~!x » i , while (sinx) ~ =— , wuL uie  unodon
Sin X Sin X
sin~2 x can be written (sinx)"2 -+ 1 .
sin? x (sin x)2

Similarly , all inverse trigonometric functions where the exponent for is reserved only ( 1)

the use of inverse trigonometric function.
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** Inverse sine function sin_l, also symbolized , meaning that arc sin

We can use arcsinx instead of. sin + x

**)1/2)is the angle that has sin ( y phrase reads that hist( y= sin_1(1/ 2)
that is the angle (w/6))

1

The Properties of ( Sin” ™)

1) singsinlx) =x ; -1<x<1

(i) sin"}(sinx) =x ; —m/2<x<n/2

All inverse trigonometric functions has the same futures and same properties likesin %

which can be summarized as follows :
Definition : (5.2) ( inverse cosine )

The inverse cosine function denoted by cos_l(arcos)

and it is defined by

y=c0s1x < x=cosy

3 y=x
, V=-1<x<1 and 0<y<m \ ’

; ¥ = arccos x /
The Properties of (C0OS ) /

X
() coseosx) =x ;  —lex<l i

4 i 1 3.(
£ (i) cos7H(cosx) =X ; / Fm\

Definition : (5.3) (inverse tan)

The inverse tangent function denoted by tan™?, I

And it is defined by : Y tana P
y—tan_lx & X=tany ' =

- - y _ f2 =t -1

VxeR and -—-n2<y<n/2 :T .y: =V
2
: — 5

The Properties of (tan 1) P

(i) tantantx) = vV xeR
L (i) tanY(tanx) = —m2<x<ml2

X x
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I-2 Derivatives Rules Of Inverse Trigonometric Functions

In this section we will focus on the study of the differentiation and integration of

inverse triangular functions (sin*,cos *,tan "t sec_l,...). This derivative rules are given in

the following list:

Derivative Rules For Inverse Trigonometric Functions )

If u=g(x) isadifferentiable function , then \
1) Dysinltu = ;Dxu .
\/1—u2
1 1
(2) Dycos™u =-— Dyu
1-u?
1 1
(3) Dytan™u = 5 Dyu
1+u
(4) Dy sectu = ;Dxu

IHlustrative examples

f(x) t(x)
- 1 3
* sin™t 3x — Dy(BX) = ————
U V1-(3%)? 1—(3%)2
* cos ! Inx 1 5 (Inx)=—;
— X
u 1-(Inx)? xy/1— (In x)?
2X
*  fan !t e —12 5 D, (%% _® 7
“ 1+ (e%) 1+e™*
-1 2

X’ —_D,(x))=
— = D, - £
u xzwl(xz)2 -1 xvx* -1

§88888588888
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CHAPTER 5
Inverse Hyperbolic Functions
Example : 1
Find the first derivative y/ for each of the following functions:
@) y:tan_lsin 2X , (b) y:cos_1 cose3* |
-1
(©) y=cos(x 1)+ (cosx) T+costx , (d) y=(tanx)®® "X .
Solution:  _ _ _ . _ _. .
v tan—lai : ~tan—lei
@IF : [-tansin2x =y =tan-Tein 2
u
/ :;2. Dy (sin 2x)
1+ (sin 2x)
=y Z%QCOSZX __20052X g5
1+ (sin 2x) 1+ (sin2x)?
O)If : | y=cosToose™ 1=y
L [
y/ =3
(c) If : |y =cos(x 1)+ (cosx) L +cos L x |
P J
y’ = l—sin(x‘l).(—x‘z)l+ [— (cosx)‘z.(—sin X)J + 1
1-cos? x
—{isin(x‘l)}t[ sin x }_ 1
x? cos® x| \1-cos?x
sin(x ) + tan x.secx !
B e— . aa— . 888
x? V1-cos?x
d)If : | 1,0

By taking a logarithm for both sides of the equation we find that
Iny = (tan_1 X).(In tan x) ( Hint: Dy (uv)= uv/ + u/.v.)
u \'
Differentiate the two sides of the equation as a multiplication of two functions
Ey/ =tan~t x{l.sec2 X:l +|:
y T tanx

V/ u

2
_ X In(tanx
tan—1x SEETX  In(tanx) | o
tanx 14 x2

1
5 }In(tan X)

1+X %f—’v

1
y/ = (tanx)@ "X,
N —

y
§§8§8§888888
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Exercise (5-1)

Inverse Trigonometric Functions

I- Find y/ for all the following functions :

) y:xzarcsecx2 , (@ y:w/sin_l(l—xz)
3) y:sin‘lm , (4 y=(tanx +tanLx)?
(5) y=tan_l tan 2x , (6) y=tan_1(tan_1x)
(7) y=10%log x . (8) ztan_lx

1+ x?

3
@) y=3¥cin(x?) . (10) y=e*arcsece™

(11) y=sectVx? -1 . (12) y=(1+cos 13x)2
2

sec 15x . (14) y = (sin2x)(sin"* 2x)

§88888588888

(13) y=X
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I. Hyperbolic Functions

: eX—eX  eX4e¥ : . L
The two expressions 5 , 5 used in the sense of differentiation and

integration have the same characteristics of the two trigonometric functions sinx , cosX

respectively , and were named hyperbolic_sine function and hyperbolic_cosine function for
X.

Definition : (5.4)

Hyperbolic sine function of variable x is denoted by and the )shx (or for simplicity sinh x

hyperbolic cosine function of variable x is denoted byand ) chx (or for simplicity coshx
defined by :
X -X X —X

sinhx = ° —ze ,  coshx=2 +2e , VxeR

In_similar , way we can represent the other hyperbolic function of behavior between
trigonometric and hyperbolic functions has helped us to define the remaining ratios of
hyperbolic functions as follows

II-1 Hyperbolic Functions Representation

sinhx e" —e
coshx X yeg=X

coshx eX+e™
sinh x eX _gX

1 2

(2) cothx = , X=0

(3) sech x =

coshx X 47X

e g% snh x
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y = sinh x y = coshx
x————;—, ___________ \ coth x
y = tanh x y = cothx
1
sechy b
y =sechx y = cschx

By using the definitions of hyperbolic functions , we can easily define the conclusion of

hyperbolic function relationships in the following theory:

Hyperbolic Functions ldentities

. (i)1-tanh® x =sech®x , (ii) cosh? x —sinh®x=1 , (iii)coth? x-1=csch®x

- If u=g(x)is a differentiable function , then A
(1) Dy sinhu=coshu.Dyu
(2) Dy coshu=sinhu .Dyu

(3) Dytanhu = sech?u . Dyu

(4) Dy cothu = —csch?u . Dyu
(5) Dysech u=-sechu.tanhu .D,u
(6) Dycschu=—cschu.cothu .Dyu




CHAPTER5 Inverse Trigonometric and
Inverse Hyperbolic Functions

Example : 2
Find y/ for each of the following functions:
(@) y =cosh(x? +1) : (b) 'y =/sech 5x . (©) y=+/xtanhv/x
Solution :
@ If :1 y= cosh(x2 +1) J'

(b) If : ;_y=«/sech Bxj — y=(sech5x)!/?
y/ :%(sech 5x)_1/2.[—sech_5,>£.tanh 5x Dy (5x)]
u
5
=———— |sech5x|.tanh5X _ _5  fsech5x1 555 .
2 [[sech bx | | | 5 | sech 5x | .tanh 5x .88
() If : %_yzx&tanh\&i - Y= Jx  tanh V/x

f g

Using a differential obtained by multiplying two functions:

y/ =£.éech2 \/;.DX(\/;)}-F {L}.tanh x1/2
f /

2x ;
g
f/
_ \&.{sech 2 &L} . {L}.tanh X
2J0x ] 24
1 2 1
= ~sech?/X +—— .tanh+/x .
2 2JX §§§

§88888588888

I- Find yI for the following functions

(1) y=tan"*(cschx) , y=Intanh3x| , (3) y=coth Inx

§88888588888
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111-3 Inverse Hyperbolic Functions

The hyperbolic functionsinh x is a continuous and increasing function of all values of

continuous and increasing . Therefore, there is an inverse function of this function that is x
symbolized by sinh™1x .Since the function , from this we eXcan be expressed as sinh x
should expect that the inverse function sinh ™! x can be expressed as Inx an inverse function of

relations as shown in the following e*

I11-1 Inverse Hyperbolic Functions Representation

P U0 U 0
Q) sinh ™t x —In(x+m) \
(2) cosh™L x = In(x+F) X>1
(3) tanh™? %I i—i X<l
(4) sech_lx_ln£ , 0<x<1

- If u=g(x) is a differentiable function , then B

i !
(1) Dysinh™u= .Dyu

i (2 Dycoshtu=

i (3 Dytanhtu=
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Example : 3
Find y/ for each of the following functions :
@ y= sinh‘l(tan X) (b) y=sech _1(x2)
Solution :

@ If: y:sinh‘l(tanx)

] / 1
y=sinh™“(tanx) = y =—————-=D,(tanx)
U y (tan x)2 +1
y/ 1 sec?x :L.|secx|2 =|sec x| .sss
Vsec? x [sec|
(b) If : y:sech"l(xz)
1,2 / -1 2
y=sech (X)) = Yy =—————-=Dy(X")
o x?y1-(x%)?
-2 y/ —2X
888. = =
xv1- x4 x2y1-x*
888888588888
ssssss_1 1y by yourself
I- Find yI for the following functions
A | 1
(1) y=xsinh71(=) L2 y=—— 1
X sech 1x?
(3) y=Incosh™t4x , (4) y=tanh~tsin3x

§88888588888
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Exercise (5-2)

Hyperbolic and inverse hyperbolic

I- Find yI for the following functions

€)) y=sinh‘15x . @ y:sech_1 1-x
(3 y=tanh x> . @) y=(sech 502
5)y= tanh_l(tanh %/;) , (6) y= cosh™t (tanx)

§85888588888
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CHAPTER 6

INTEGRALS AND
INTEGRALS APPLICATIONS

I- INTEGRALS

One of the great achievements of classical geometry was to obtain formulas for the areas
and volumes of triangles, spheres, and cones. The method we develop, called integration, is a
tool for calculating much more than areas and volumes. The integral has many applications in
statistics, economics, the sciences, and engineering. The idea behind integration is that we can
effectively compute many quantities by breaking them into small pieces, and then summing the
contributions from each small part. We develop the theory of the integral in the setting of area,

where it most clearly reveals its nature.

Definition : (6.1)

A function F is an Anti-derivative of the function of the function f on an interval |

if F/(x)=f(x) foreveryxinl.

We shall also call F(x) an anti-derivative of f(x). The process of finding F or F(x), is

called anti-differentiation.

e.g.:
F(x) = x? is an anti-derivative of f(x) =2x, because F/(x)= di(xz) =2x =f(x). there
X

are many other derivative of 2x, such as x* + 2, x?2 —gand x2+4/3.1n general if C is any

constant, then x* + C is an anti-derivative of 2x as : di(x2 +C)=2x+0=2x.
X
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I-1 INDEFINITE INTEGRALS

Definition : (6.2)
The notation [f(x)dx = F(x)+Cwhere F'(x)=f(x)and C is an arbitrary constant,

denotes the family of all anti-derivative of f(x) on an interval 1.

e.g.:
> x%dx=1x5+cC because 9 (2x5) = x4, s
5 dx '5
-3 -1 _2 d -1 _2 -3
> [tB3dt="=t2+C  because  —(—=t%)=t".ss
2 dx " 2
> Jcosudu =sinu+C because di(sin U) =CoSuU . sss
u

Indefinite Integrals Forms

Derivative Indefinite integral
% (f(x)) [ % (f(x)dx=f(x)+C
d
d—X(X)=1 [1dx=[dx=x+C
d x™ ; r+l
—_ =X -1 r _X . —_
dx(r+l) x5 (r#-1) [ x dx—r+1+C r=-1

d .
G SinX) = cosx [cosxdx=sinx+C

%(—COSX):—sinx [sinxdx =—cosx+C
di(tanx):seczx jseczxdx=tanx+C
X
2
di(—cotx):coseczx fesc xdx =—cotx+C
X
dix(secx) =secx tanx [secx tanxdx =secx +C
di(—cosecx)zcosecxcotx Jescx cot xdx = —csex +C
X
e.g.:
3.5 gy, X" 1 -3 X2
> [x°xdx =[x dx=?+C-§§§ N f—3dx=jx dx=—T+C.§§§
X
> 1 _3 X—2 > 3 2 g 3 §
[ dx=]x dx=—7+c-§§§ , [NVx dx:jx3dx:gx3+C-§§§
X

tan x sin X .
» = Zdx =Jcosx>—dx = [sin xdx = —cosx + C - s
sin x COSX

§88888588888
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Theorem : (6-1)

1) i(f(f(x))dxzf(x) 2) , ji(f(x))dx:f(x)+C
1.. (j)( (j)(

e.g.
If f(x)=x2
* If we first integrate x>and then integrate, f(x) = x?
ji(xz)dx = [2xdx = X% +C. s
dx
** |f we first integrate x> and then differentiate,
d 2 d X3 2
—(J(x°)dx) = —(—+C) = x*“ _sss
CIX(I( )dx) OIX( 3 )

§99§58888888

-2 Rules Of Indefinite Integrals

The next theorem is useful for evaluating many types of the indefinite integrals.

In the statements, we assume that f (x)and g(x) have anti-derivatives on an interval I.

Theorem : (6-2)

(I 1) . k constant forany nonzero [kf(x)dx = k[f(x)dx \
) [IF00 £g00Tdx = [F(x)dx £ [g(x)ax

3) j(f(x))”f’(x)dx =M+C , Vn=-1

I n+1

o4 [[F)£g()]dx = [f(X)dx £ [g(x)dx , Vn=-1

eg.:
> [3sinxdx =3[sinxdx =-3cosx+C. ss

>  [esec’ xdx =efsec’ xdx =etanx +C . s

§9898888888
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Example : 1
Evaluate each of the following integrals :

P [(5x3 +2c0sx)dx =5jx3dx+2jcosxdx%x4 +2sinx+C.

> j(\/;+i+cosx—cosec2x)dx

Jx
= [/xdx +j%dx + [cos xdx — [ cos ec?xdx
X

3 1
55 .:§x2 +2X2 +sinx+cotx+C

§9998888888

> . j(i—Scosx+25ecxtan x)dx = Jx —3sinx +2secx+C

2%
1 8 2 3 2
P (83 -6Vt +Z)dx=—t*-6.5t2 +——+C
t3 4 3 —
3
§§§.:2t4—4t2——2+c
2t

§99§58888888

Example : 2
Evaluate each of the following integrals :

P [(Vx? +1.(2x))dx = %(x2 +1)2 +C.

-1

sin 2x dx =1+ sin? x)?.Zsin X oS xdx

V1+sin? x
sss .= 241+sin? x +C

> |

S99998898888

Example : 3
Evaluate each of the following integrals :

2 _q\2 452
> :1x3—2x—1+c j(x Y dx:jx 2X +1dx=j(x2—2+x‘2)dx

1
» [——du=|secutanudu =secu+C.
cosucotu

Example : 4
Evaluate each of the following integrals :

p X gy = 2jcos\/§.2idx = 2sin+/x +C.
X

Jx Jx

P s . jxsec(xz) tan(x?)dx = %jsec(xz)tan(xz).Zxdx = %sec(xz) +C

§9998888888
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Example : 5

Evaluate the integral : 1= [x%v/x> +9dx

Solution :
Use suitable substitution for the given integral as :
Put u=x°+9then du=3x2dx,

Hence:
3

+C——(X +9)2 +C . s

§§§§§§§§§§§§

I\J\O\)

I X2 x3 + dx——I\/_du_

12,
33

REMEMBER

Some of trigonometric relations play an important role in calculation of the integration

process of squares trigonometric functions as :

sin x=%(1—0052x) , COS x=%(1+0032x)

1+tan? x =sec? x . 1+cot? x =csc? x

Example : 6
Evaluate each of the following integrals :

P |sin? xdx ZJ%(l—COSZX)dX :%x—%sin 2X+C. s
2 1 1. 1.

» [cos xdx:j§(1+c032x)dx:Ex+zsm2x+C.§§§

P [tan? xdx = [(sec® x —1)dx =tanx —X +C . sss

P [cot? xdx = [(cosec®x —1)dx = —cot X —X +C . s
RIINNNNNNNNNN

Example :7
Evaluate each of the following integrals :

> jmdx=j(25eczx—l)dx:2tanx—x+C. 588

COS X

X—-1+1 1
." J \/r______ dx = I qu______ dx = I‘V X—-1+ j:];z:ifﬁi{j)(
3 1
w.zgu—32+zu—32+c

S99988888888

119



CHAPTER 6 Integrals And
Integrals Applications

Exercise (6-1)

Evaluate each of the following integrals:

3

1) .[(3X5 +5x? —7)dx. , 2) j(i3 +2x2 — 4)dx
X
3) [(3x—2)%dx. , 4) [cos(3x —1)dx.
5) j(x?’\/l—x2 )dx. : 6) jxcosxzdx.
3
7 ] ta”j;& dx. . 8) [(sin? 2x +8x)dx.
9) [(25m+17x%)dx. , 10) [[tan®(3x) —sin x]dx

§99§58888888
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I-3 Definite Integrals

Let F(x)be an anti-derivative of f(x). Then we define the definite integral of f(x) with

respect to x between the limits x = a,x =b (i.e. in the closed interval [a, b]) as:

The fun h d
Upper limit of integration /

T b / h bl

" /

Integral / f ( ) d
Ja
- When

L limit of n y fihe i
Integral of [ from d (o aluat

Example :8
Evaluate each of the following integrals:

1

1 2 3
> [+x —x%dx = X~ _x _2_1:1_ 888
0 3 3

%3_5

3

0
x n
2
> jsin2 X cos Xdx = 1[sin3 x]oE = 1(1—0) = 1.§§§
0 3 3 3
RRNNNNNNNNNY

I-4 Properties Of Definite Integrals

Definite integrals have some interesting properties which we will discuss them in the

following theorem:

/ If fand g are integrable on [a, b], then f +gis integrable on [a, b] and: \
T b A
i 1) [kf(x)dx =k[f(x)dx forany nonzero constantk .

sk a a

] b b b

B 2 JIf(x)£g(x)]dx = [f(x)dx £ [g(x)dx.

i ! . !

i . . )

i ) JF()dx=0. . 4) [F(x)dx = —[f(x)dx.

edenald a b a

o A ) .

i3 5) For cefa,b] [f(x)dx = [f(x)dx + [f(x)dx.

&::: a a c
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Example :9
Evaluate each of the following integrals :

> ?(&Jri)dx_g Xg 4+2 X% 4_@ 888
o x 3 3

1 1

- 3 774 574

> 2 _cy2 2|2 212
[(7Tx? —5x )dx:7.7 X —5.3 X =256 — 64 =192 s
0

0 0

§99§58888888

Example :10
3
Evaluate [ (x?~/x® +9)dx.
0
Solution

Using integration by substitution: Let u = x® +9 = du = 3x’dx

Since x=0=>u=9 and x=3=u=36

36
1 3
3 36 L 3
Thus, j(xZ\/x3+9)dx=1ju2du=1 202 | —ap s
. 3 33
9
RINNNNNNNNNN
Example :10

i
Evaluate _[tanz @sec® Gx.
0
Solution
Using integration by substitution: Let u =tan& => du = sec’ &9
Since =0=u=0 and 9:%:>u =1
n
4 1
Thus, [tan®@sec? 6dx = [u?du = l[us](l) = 1
0 0 3 3

An important property in definite integral:
. 0, if f(x) isoddon[-a,a]
f(x)dx =< a :
TP00=1 e (xydx if F(x) isevenon[-a,a]
0

§9898888888

Example :11
Evaluate each of the following integrals :

2
» [xVx%+1dx=0 . astheintegrand is an odd function of X .ss

-2
2 9 5 372

> IXZ(X2+1) dX = 2[x? (x? +1) dx=2/ 2 X :2{g+§}=£.
-2 0 5 3 0 5 3 15

The integrand here is an even function of X. sss
NN
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Exercise (6-2)

Evaluate the following integrals:

(1) ix(xz +1)dx

)(3

O e
(S)TR\/R +1dR.

T

2 3
) j (1+sint)2 costdt
0

dx.

1
(9) J'X—Jrldx
T(x* +2x+2)

N

2 1
() [x*(x* =D ?dx.
|
i
(4) J. sec’® x+/1+ tan xdx
0

(6) Qsin(e—;)de.

B [N O [y

—~
00
~

Iy ©
)
o
w
<

sin 2x

2
(10) dx
J;\/4sin2 X +3c0s? x

§99§5888888
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II-DEFINITEINTEGRALS APPLICATIONS

This chapter discuss some of Definite Integral uses , firstly we start by applications explain

how can be use to calculate volume ( for irregular shapes ) as the regular such as , cubes ,

cylinders , spheres , ....etc has its own algebraic rules to calculate easily , and we also discuss

how to find arc-length for certain curve, surface area of solid bodies( specially irregular bodies )
Let us remember that primal integral definition state that :

" Definite integral is a limit of sum **

11-1 Area Of A Region

This section help us to calculate irregular area lies between two graphs or more .The

following theorem descript how to find this area :

Theorem :6-3

e e
i If f,g are two continuous functions as f(x)>g(x) for eachand the two Xxe[a,b]

| straight line x =a , x=b then the bounded resulted area ( Say ) of intersection can be given by
|-

i

i

b
A= [[f(x)—g(x)] dx
a

Ty
3

=
)

,
o

o

T

e
o

=
o

o
o

.

=
e

-
o
i

et

y=[f(x)-a(x

o

y=9(x)

v

fig. (6.1)

The integral in theorem (6-1) represented by fig.(1.1) by the shadow rectangular slide as

b
A= [ [F(X)—g(x)] dx
Y, i N
Integral boundaries Rectangle length Rectangle width
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Guide steps for calculating Bounded area :
** Draw the required area bounded from above by the graph y=f(x) and
Bounded from below by the graph y =g(x) and determine the upper and
lower Integral boundaries .

** Find the rectangular shadow area with width dx and length y=[f(x)-g(x)] ,
and then the slide area represented. dA =[f(x)-g(x)].dx

b b
* Finally the total area calculated by : A=[dA = [[f(x) - g(x)].dx .

a a
Example :12
Evaluate the area bounded by the curves y = X2 E Jx .
Solution:
By using guide steps :
Yy A

;Ll

Upper graph : vy

N

i Lower graphy = x
: Slide width @ dx
"% Slide length : (vx —x?)

(i Slide area :dA = (\/;—xz)dx

D il et St Sk Rt St S-S hat

v

The guide steps describe fig. (1.2)
To calculate the integral value (i.e. the area ) apply the following steps:

** Solve the equations of the two graphs y = Jx y = G together to get the
points of intersect which are (0,0)and (1,1) .

** The integral boundaries are . x:0—1

** The area A determined by :

1
A:}dA:}(&—xz)dx = [(<M2 —x2)dx
0 0 0

1
IS I N AU S
3/2 30 3 3| 3 °

§88888588888
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Example : 13

Evaluate the area bounded by the curves . y+2x-3=0, y+ X2 =6.

Solution:
y
By using guide steps: A
i Upper graph : y=6—x2 i y=6-x2

i Lower graphy=3-2x :

i Slide width :dx

- Slide length :[(6-x7)~(3-2x)]
i Slide area :dA:[(6—x2)—(3—2x)]dx

fig. (6.3)
The guide steps describe fig. (6.3)

To calculate the integral value ( i.e. the area ) apply the following steps:

** Solve the equations of the two graphs y =6 — X2 , Y =3—2x together to
get the points of intersect which are (-1,5)and (3,-3).

** The integral boundaries are . x:-1—3
** The area A determined by :

3 3
A= [dA= [[(6-x%)-(3-2x)].dx
-1 -1

-1

:(9_54_9}_(—3—(—1)+:|.J=g . 88
3 3 3

§88888588888

3 3 3
= j(3—x2+2x).dx = 3x—?+x2
-1
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Example : 14

Evaluate the region R bounded by the curves y—x=6 , y— x3 =0.

Solution:

By drawing the graphs we note that the region R has different lower bounds , so to find the
required area of the region to two region R;,R»

as in the following drawing , say R=R; +R,

(42

i’ Nx
y=X+6 y

- Region R

© Upper graph : y=x+6
- Lower graphy = x3
-~ Slide width  :dx

- Slide length :[(x+6)—x°]
-::E Slide area dA:[(x+6)—x3].dx:

v

D o o N O o

The guide steps describe fig.(6.4)

Upper graph : y=x+6
Lower graphy =—(1/2)x :

Slide width  :dx

Slide length :[(x+6)—(1/2)x]
Slide area :dA=[(x +6) - (-1/x)x]dx

Region R

** To find points of intersection for each area we solve the equations the two

equations y=x+6,y = —%x together with respect to y we get the point

(-4,2) , and insimilar way we solve the equations y=x+6 , y =X

together to get the point (2,8)

3
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** Then calculate the districted two area R;,R, we get:
9 1
A= le dA; = _j4[(x +6) —(—Ex)].dx
0 0
= J (§X+6j.dxz §(£)+6x
4\2 2" 2
-4

=0-(12-24)=12 .5

2
Az =g, 0A :(j)[(x+6)—x3].dx

2 47?
:[X_%X_X_} =(2+12-4)-0=10 . §
2 4
0

Then the required area A is given as :

A=A +A, =12+10=22 . g

§88888588888

NOTE

** the integrals in examples 1,2 and 3 above the slides are vertical Rectangle moved

horizontal from left to right as this area bounded by continuous functions y =f(x) and y =g(x)

proposed with f(x) > g(x) which we denoted symbolic by R, .

** In some integral case these proposion may be complicate the integral , so we need to get
another slide selection , and the horizontal selection for slide in this case is suitable to simplify

the integral as we see in the next example 4, we denoted symbolic by Ry .
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Example : 15
Evaluate the region R bounded by the curves 2y2 =X+4, y2 =X.

Solution:
To simplify the equation drawing we satisfy the given equations to take the form

x =f(y) and x=g(y)which leads to equivalent forms x = 2y2 —4 and x = y2 .

Note that the choose for vertical

slide as in fig. (6.5-a) (i.e. integrate

v

with respect to x ) leads to evaluate

three different integrals . In such
case choose horizontal slide as in
fig. (6.5-b) and then integrate with

fig. (6.5a)
respectto y.
Y 3 4N
o TOU TR TN TOU JOUE TOUE JOUF JON JONS JOUF JOUE JOUE JOUS JOOE JOUF JOUE SO SO ORI IO
(AR
Right graph : x =y? i X =y?
-~ Leftgraphx = 2y2 -4 ]
~i Slide width :dy X
- Slide length :[y2 — (2y2 —4)] i
4] — 22
i Slidearea :[dA=y?-(2y>-4).dy x=2y" -4
N T T E LT L EET (4.-2)
fid. (6.5b)

Then the required area A is given as:

2 2 ’ ’
A= [ dA= [ [y>-(2y*-4)]dy
y=-2 y=-2

2 372

2] [4-y?]dy :z{@-y}
0 3

8, 32

=2(8-2)=22 .

( 3) 3 8§

§88888588888
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Exercise (6-3)

Bounded Area

Draw and calculate the area bounded by each of the following graphs :

(1) y:x2 ;o y=4X , () x+y=3 ; y+x2:3

@ y=4-x*;y=—4 , @x=y> ; y-y=2

(5) y:x2+l; X-y=2 (6)y:\/; ; X+y=6; x=1

(7 x=—3y2+4; X=y* , (8 y=3X ; y=X; X+y=4
@ y=x" ; y=X , 10)y*=4+x ; y?4x=2
(11) y2=—x . o X-y=4 ; y=-1; y=2
2 x=y* ; y-x=2 ; y=-2; y=3

§88888588888
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11-2 Solid Of Revolution

If we need to find the center of mass or the moment of inertia for irregular solid body we
need first to calculate the volume of that body which doesn't apply the algebraic rules for
regular bodies . Definite integral is one of the most important tools used for calculate such

volumes .

** Volumes arise from revolving area ( region) in plane around certain
axis or certain straight line .

** The arising volume resulting in such operation is called the Solid of
Revolution .

** The area arise this volume is called the arising area .

** The axis (or straight line ) which revolved around it is called the
axis of revolution .

for example if the region R, fig. (6.6-a) revolved around the x-axis as an axis of
revolution , then the resulted solid volume arising is fig. (6.6-b)

y A Y
A

fig. (6.6- a) fig. (6.6- b)

As the revolved region can be revolve around x-axis, y-axis , or any straight line in plane

, SO its impossible to formulate one definite form for integral . So its very useful to remember

the volume of circular solid disk which represent in that case the element volume dV for the

resulted solid volume of revolution .

NOTE
** Revolve a slide on rectangle shape resulting a circular _solid disk represent element

volumedV for the resulted solid volume of revolution .
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Volume OF Circular Solid Disk

Solid disk thickness : dx
Radius of revolution : r
Axis of revolution : X

Slide volume : dV = rr2dx

A T UL T T U T T TR UL T T T T L T

Guide steps for calculating Solid Of Revolution :

** Draw the required area need to revolve and specify its boundaries.

** Find the rectangular vertical slide with thickness dx or the rectangular
horizontal slide with thickness dy .

** Draw the volume which arising from the revolution of regionR around
the axis of revolution and determine the resulted circular disk .

** Represent about the radius of a disk as a function of x( or a function of y)
according to the disk thickness dx (or dy ) respectively .

b
** The resulting volume given by the integral :v = [dv
a

Example :16
Find the volume of revolution if the area bonded by x-axis, the graph, andthe y= x2 +1
two straight lines x=1, x=-1 revolved about x-axis .

Using the guide steps :
A
dx —> y

y:x2+1
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The solid revolving volume arise from revolving region R around axis of revolution x-axis ,

and by using guides steps

i Solid disk thickness : dx

Radius of revolution : r = (x2 +1)
Axis of revolution : x
Slide volume : dv = n(x? +1)? dx

The resulting volume given by the integral :
1 1 1

V=[dv=] (X% +1)% dx =27] (x* +2x% +1)% dx
-1 -1 0

1

5 3

X X 1 2 56

_ X X 2=+ S 41l=2 s
27r|:5+2.3+x} ﬂ[5+3+:| 157r
0
885888888888
Example :17

Find the volume of revolution if the area bonded by y-axis, the graph,andthe y= x3
two straight lines y=1, y=8 revolved about y-axis .
Solution:

Using the guide steps :

dy

The solid revolving volume arise from revolving region R around axis of revolution y-axis ,
and by using guides steps
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Volume OF Circular Solid Disk

Cf."E".L.j:"E".LTE".L.j.uf".L.j."E".L.j."L.j."E".L.j."E".L.j."E".?} 1
i Solid disk thickness : dy

Radius of revolution : r=y/3

Axis of revolution :y _
Slide volume : dv =n(y"3)2dy i — | —>!

The resulting volume given by the integral :

8 8 1/32 PR
V=[dV=[z(y"'°) dy=x[ y“'*dy
1 1 1

8

5/3

— | Y =§7Z'[32—1]=%7['§§
(5/3)], 5 5

§88888588888

Now , let the region R, bounded by the two graphs y =f(x) and y=g(x) represented as

in fig (6.7-a) supposing that it revolve about x-axis as an axis of revolution this leads to the solid
volume of revolution fig (6.7-b)

y="1(x)

v

Fig . (6.7- b) fig. (6.7- a)
The resulted solid volume of revolution contain an internal gap as g(x)>0 and for each
x €[a,b] .
The volume of revolution V arises by subtracting the inner arising volume V; from the outer

arising volume V, which can be represented by the relation :

b 2 b 2
V =(V, = Vy) = [alf (x)]”dx - [a[g(x)]” dx

a

b
[ fFOP -lool fax ()
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11-3 Washer Pattern
Integral (*) is called the Washer Pattern and can be mathematically formulated as :

V= ?7[[['22 —rlz].dx (**)

i AS:

'+ Inner radius of revolution :r,
.. Outer radius of revolution :r,
-+ Slide thickness : dx .

and then the slide in this case has the fig. (6.7-c)

flg (6.7-c)

NOTE

** when washer rule (** ) an error can occurred if we use relation (r, - rl)2 instead of relation

(ré2 —r12) in integral form .

** Guide steps used in the solid volume are typically used in washer formula but take

in consideration that the radius of revolution r is the difference square between the

inner and outer radius i.e. r= r22 —rf.

Example :18
Find the volume of revolution if the area bonded by the graph , and the straight X = y-2

lines 2y —x —2 =0and the two vertical lines, x=0, x=1

Solution:
Using the guide step:

X2 42
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Inner radius: r= (;x+l)

Outer radius : r2=(x2 +2) -

Slide thickness : dx

Slide volume :dvzn[(xzﬂ)z_(xﬂ)z}dx .
~‘;L.i..i."E."E".L.J."E.nE".L.i..i."E".L.i..i."E".L.J."E.nE".L.J."E".L.JL,L:}

and then the slide in this case has the fig. (6.8) ) ( Washer Shape) fig. (6.8)

1 1 2 2 1 2
V:jdV:j;{(x +2)°-(=x+1) }dx
0 0 2

1
:nj(x4+14—5x2 - X+3)dx

1
5 3 2
5 413 2 0 20

§88888588888

Example :19
Find the volume of revolution arise from revolving the region R of example (7) around

the straight line y =3 (‘axis of revolution ) .

Solution:

Using the guide step:

A y
y=x2+2
~
y==x+1
|
' |
AT 1 |
—+J<——|dx
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7+ Inner radius:r =3-(x? +2) =1-x° .
'L Outerradius:, _3 1,5y 5 1, )
2 2
“+ Slide thickness : dx jjj
,
* Slide volume :d\,zﬁ[(z_x)z _(1-X2)2}dx ; / 2
and then the slide in this case has the fig. (6.9) ( Washer Shdpe) fig. (6.9)
1 1 !
vV =[av :jy{(z—lx)z -(1-x2 )Z}dx
0 0 2
1 9 9(x3) x5 . 51
=7zj(3—2x+—x2 —x4)dx =2 3x—x2 42| S |-l =22 s
0 4 4| 3 5 20

Example :20

Find the volume of revolution arise from revolving the region R about y-axis and lies

in the 1% quadrant of coordinate , and bounded by the graph y = (1/8)x3 and the straight line
y=2X .

Solution:
Using the guide step:

Its clear that a horizontal slide arise as in shape (fig. 10) For such revolution , so we must solve
graph equation with respect to y and also the integral boundaries as follow:

/ Inner radlusr:(1/2)y R \ TR

: Outer radius:r12:2y1/3 __ {igg}:e:ggﬁ

-+ Slide thickness :dy ; T g P
Sievolume v - 071Gy | oy 10,620

SO O 00 000 0 02

and then the slide in this case has the fig. (10) ( Washer Shape)

8 8 8
1 12 513 1 3 512
V=[dV=[n@y??-Zy?)dy =n=—=y>3_= _22C 0 s
(I) (I)n(y QYo =my 12y0 ="

§88888588888
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Exercise (6-4)

Volume By Revolution

State the integral formula represent the revolved volume arise by revolve the given shadow

area .
y A y
1(24)
v$:x2+2 =
] &
(1,2)% S
/ A 0N X
\% 'X

v

Draw the area bounded by the given graphs, and find the arises revolved volume about the given

axis:

o x=1 ; y=1/x y=0 ; x=3 around x-axis .
@ x=-2 ; y:x3 ; y=0 around x-axis .

() 2y=x ; y2 =X ; around y-axis

@ x-y=-1 ,; x+y=1 ; X =2 around y-axis .

§88888588888
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