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Example 3

Problem:
Find the z-transform for each of the following sequences:

a. x(n) = 10sin(0.25mn)u(n) b. x(n) = e %c0s(0.25mn)u(n)
Solution:

a. From line 9 in the Table:  X(z) = 10Z(sin(0.2xn)u(n))

~ 10sin(0.25m)z 707z
- 22-2zc05(0.257) +1 22 -1.414z+1

2(z-e%cos(0.257
b. From line 14 in the Table: X(z) = Z(e%!7cos(0.25xn)u(n)) = 72 _2(8_0.1 050 2(5“)21))8_0_2

~ 2(z-06397)
- 2-1279z+08187




Example 5

Problem:
Determine the z-transform of  v(n) = (0.5)" > «y(n - 5)

where u(n—15) = 1forn>5and u(n-5) = 0 for n<b.
Solution:

Using shift theorem,
Y(z) = Z[(0.5)”‘5u(n 8 5)] = 77°7((05)"u(n)

Using z-transform table, line 6:
5 Z i
z—05 z-05




Example 6

Problem:

Given the sequences, x1(n) = 3o(n) +20(n - 1) Find the z-transform

Xo(n) = 26(n) - 8(n—-1) of the convolution.
Solution:

Applying the z-transform of the two sequences,
Z[x,(n)) mmmp X;(z) = 342271
Zlxy(n)] mmp Xo(z) = 2 —z71
Therefore we get,

X(2) = Xi(2)%(2) = B+227Y)(2- 771
=64+21-2772



Inverse z-Transform: Examples

The inverse z-transform for the function X (2) is defined as: x(n) = Z~'(X(z))

4z b4

Example 7 Find the inverse z-transform of ~ X(2) = 2+ — - — =%

; 71 -1(_£ N7 71 =
Solution wWeget, x(n) =2Z!(1)+4zZ (z-l) 3 (2—0.5)

Using table, x(n) = 24(n) +4u(n) - (0.5)"u(n)

5z e 2z
(z-1)° (z-0.5)°

Solution We get, ) =2"! o - 2 - R7! . _22-1 0‘527
| (z-1)° (2-05)° (z-17] 05 \(z-05)°

Example 8 Find the inverse z-transform of  x(z) -

Using table,  x(n) = 5nu(n) - 4n(0.5)"u(n)



Inverse z-Transform: Examples

Example 9 Find the inverse z-transform of X(z) = 10z
z2-z+1
i i 10 10 sin(a)z
Solution Since, X(z) = 72 _ ZZ+ 1~ (sin(a)) 72 _ 2!zc(os)(a) T1 From line 9 in the Table

By coefficient matching,  _ 2¢os(a) = -1
Hence, cos(a) = 0.5, and a = 60°. |:|'> sin(a) — sm(eoo) — 0.866

10 4 sin(a)z 10 0 0
= . = ——sin(n+60") = 11.547sin(n+6
Therefore,  x(n) sin(a)z (22—2zcos(a)+l) 0866snn(n ) = sin(n+60")

a 3
z 6 2

7211t% *t37705

Example 10 Find the inverse z-transform of ~ X(z) =

Solution  x(n) = 7°!(2; ) M) +2 1(3_4z+%)

Using Table =% x(n) = u(n—5)+3(n-6)+(-05)"*u(n-4)



Inverse z-Transform: Using Partial Fraction

1

X(z
Problem: Find the inverse z-transform of X(z) = 1-z1)(1-0521)

Solution: First eliminate the negative power of z. Example 11
X(2) = z z
T 20-271)(1-052T) T (z-1)(z-05)
Dividing both sides by z, X2 _ " A B
z (z—1)(z-0.5) . _(z-1) (z-0.5)
. X2)| 2 e T S
Findingthe = “~V| 705, ° ~ x@_ 2 S
conprants: B 05)X(z)! Z f L= z @-1) f2-035)
= (z2-0.5— - - - B
( 7 |Z_05 (Z_l) 205 |mu:1"t1p.!ymgbyz!> X(Z) _ 22 Z

Therefore, inverse z-transformis:  x(n) = 2u(n) - (0.5)"u(n)



Inverse z-Transform: Using Partial Fraction

- . z2(z+1)
Problem: Find y(n) if V@) = oy Z—z709) Example 12
Solution: N -
Dividing Y(z) by z, Y(z) - 2(z+1) _
Z (z—1)(z2 —z+0.5)
Applying the partial fraction expansion, # YLZ -2 - A + il
z-1 (z-05-)0.5) (z-0.5+/0.5)
o £ ! L W@ Zz+1) _ Ix(1+1)¢”
We firstfind B: B = (z-1) 7y " oz708),, ~ 1108 -
: _ ~_Y(2) 2(z+1) |
Nextfind A: A= (7—-05-/05 — _
z r T 05405 (2=1)(2=05+/0.5)[, 95,05
0.5+/0.5)(054+/05+1) (05+10 9)(1.54/0.5)

{05+ /05-1)05+/05-05405)  (-05405)]



Example 12 -contd.

(0.707/45°)(1.58114/18.43°)
(0.707/135°)(1/90°)
A* = A =1.58114/161.57°.

P=05+05j=|P|£0= 0707245 and P* = |P|£ -0 = 0.707 £ - 45°

= 1.58114/ — 161.57°

Using the polar form, A4 =

4z L Az " A'z
z—1 (z-P) (z-P¥)

Now we have: y(z) —

Therefore, the inverse z-transform is:

from Line 15 in Table y(n) = .qhu(n) L'l 2|A|{|P|'}HCDS [:ﬂf} ~+ q@) U(”)

‘ = 4u(n) +3.1623(0.7071)"cos(45%n — 161.57°%)u(n)
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Inverse z-Transform: Using Partial Fraction

A : 2
Problem: Findx(n) if x(2 = (z—l)(z—0.5)2 Example 13

Solution:
Dividing both sides by z: 2y _

Z =1 (2-05)%,_,
Using the formulas for mt"-order,
. R4 R 1 d*! /, f X(:))
=+ 40— R, = — [ —p)"—=
(z—=DP) (z-p)° (z —p) " (k — 1)!'d=k"1 (( 2 z ey
X B 1 d QX(Z) _ _ |
B& Ry = 2= 1)'dz{(z—05) T}Z_O_S . m=2, p—OS

z=0.5 A



Example 13 -contd.

o, 1 2X(2)
C=h” =07 {(2_0‘5) T}zﬁof,
Z
~ Zz—1lz—05 ~4
| 4z —4z -1z
Then, X(2Z) = -+ — +

From Table, — 2_1{2—0.5} = (O.5)”u(n)

Finally we get,  |x(n) = 4u(n) - 4(0.5)"u(n) — 2n(0.5)"u(n)
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Difference Equation Using Z-Transform

* The procedure to solve difference equation using Z-Transform:

1. Apply the z-transform to the difference equation.
2. Substitute the initial conditions.
3. Solve for the difference equation in the z-transform domain.

4. Find the solution in the time domain by applying the inverse z-transform.

13



Example 17
Problem:  solve the difference equation when the initial condition is y(—1) = 1.
y(n) - 0.5y(n-1) = 5(0.2)"u(n)

Solution: .
Zyn=1)) = Y y(n-1)"

We have n=0
=y(=1)+y0) " +y(1)77% + -

=y(=1) +7'(p0) +y(1) +3(2)c + ) mmmhp Z(y(n-1)) = y(-1)+27'Y(2)

Taking z-transform on both sides: Y(z)-0.5(y(-1) + 7] Y(2)) = 52(0.2"u(n))
Substituting the initial condition and z-transform on right hand side using Table:

Y(z)-05(1+271Y(2)) = 52/(z-0.2)
Arranging Y(z) on left hand side: y(z) _0,52-1}/(2) = 0.5+ 52/(z-0.2)

5.5z -0.1) 2(5.5z-0.1) |
N P e _ _ Yz)  55z-01 A B
| (1-0521)(z-02) (z2-05)z-02) ™ —~ =1;"085z-02 —z-05 702
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Example 17 -contd.

Solving for A and B:

Y(z) - 55z-0.1  55x05-0.1

A= (z-0.5)7

vos  2-02 |, o5  05-0.2

Y(2)

B = (z-02 : B 552-0.1

2=0.2 - z-05

88333z -3.3333z
Therefore, Y(z) = Z=05) + 7-02)

 55x02-0.1
02 02-05

5=

Taking inverse z-transform, we get the solution:

= 8.8333

= -3.3333

y(n) = 8.3333(0.5)"u(n) — 3.3333(0.2)"u(n)
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Problem: Example 18
A DSP system is described by the following differential equation with zero initial condition:
y(n)+0.1y(n-1)-02y(n-2) = x(n) +x(n-1)

a. Determine the impulse response y(n) due to the impulse sequence x(n) = §(n).

b. Determine the system response y(n) due to the unit step function excitation, where
un)=1forn=0

Solution:
a. Applying the z-transform on both sides:  Y(z) +0.1Y(z']z'l - O.ZY(z)z'2 = X(z2)+ X(z)z'1

Applying X(z) = Z(é(n)) = 1 Onright side

- Y(2)(1+0.12'-02272%) = 1(1+z7})

147+

“ e = 140122 -2 7
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Example 18 -contd.

We multiply the numerator and denominator by z2
- 0)- 2242 _ 241
2240.12-0.2 (z-04)(z+0.5)
z+1 A B

Using the partial fraction expansion EEE) = 3=08z+05) - 2-0877 03

Y(2) \ 04+1
i . A= (z-04)— — 1.5585
Solving for A and B: ] W 0 " 04705 6
B =(z+ 05;@ _2+1] —ﬂ—-O.SS%

Z 05 - 0.4'!_ 05 -05-04

1.55562 —0.55562

Therefore, Y(z) = - 04) (z+0.5)

Hence the impulse response: | y(n) = 1.5556(0.4)"u(n) - 0.5556( - 0.5)"u(n)
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Example 18 -contd.

b. The input is step unit function: x(n) = u(n)
£
zZ—1
Notice that  ¥(2) + 0.1 Y(2)z' — 02Y(2)z7* = X(2) + X(2)z~'  [slide 21]

Then the z-transform of the output sequence y(n),

Corresponding z-transform: X(2) =

Y(z]—( Z )( l+7 )_ Z(z+41)
- \z-1/\140121-0222) (z-1)(z-04)(z+0.5)

Using the partial fraction expansion vy, - 2-22222+ -1.0370z ) -0.18527
z-1 z-04 z+05

and the system response is found by using Table:

y(n) = 2.2222u(n) - 1.0370(0.4)"u(n) - 0.1852( - 0.5)"u(n)
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